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for these errors.

Donglin Zeng
August, 2006
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Michael R. Kosorok
August, 2010



CHAPTER 1 A REVIEW OF
DISTRIBUTION THEORY

This chapter reviews some basic concepts of discrete and continuous random variables. Distri-
bution results on algebras and transformations of random variables (vectors) are given. Part of
the chapter pays special attention to the properties of Gaussian distributions. The final part
of the chapter introduces some commonly-used distribution families.

1.1 Basic Concepts

Random variables are often classified into discrete random variables and continuous random
variables. By name, discrete random variables are variables which take on discrete values with
an associated probability mass function; while, continuous random variables are variables taking
non-discrete values (usually R) with an associated probability density function. A probability
mass function consists of countable non-negative values with their total sum being one and a
probability density function is a non-negative function on the real line with its entire integral
being one.

However, the above definitions are not rigorous. What is the precise definition of a random
variable? Why shall we distinguish between mass functions or density functions? Can some
random variable be both discrete and continuous? The answers to these questions will become
clear in next chapter on probability measure theory. However, a brief glimpse is given below:

(a) Random variables are essentially measurable functions from a probability measure space to
a real space. Especially, discrete random variables map into a discrete set and continuous
random variables map into the whole real line.

(b) The probability (probability measure) is a function assigning non-negative values to sets
of a o-field and it satisfies the property of countable additivity.

(c) The probability mass function for a discrete random variable is the Radon-Nykodym
deriwative of a random wvariable-induced measure with respect to a counting measure.
The probability density function for continuous random variable is the Radon-Nykodym
derivative of the random variable-induced measure with respect to the Lebesque measure.

For this chapter, we do not need to worry about these abstract definitions.

Some quantities to describe the distribution of a random variable include cumulative distri-
bution function, mean, variance, quantile, mode, moments, centralized moments, kurtosis and
skewness. For instance, if X is a discrete random variable taking values x1, x5, ... with probabili-
ties my, ma, .... The cumulative distribution function of X is defined as Fx(z) =Y. __m;. The

z; <z
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DISTRIBUTION THEORY 2

kth moment of X is given as E[X*] = 3", m;az¥ and the kth centralized moment of X is given as
E[(X — p)*] where p is the expectation of X. If X is a continuous random variable with prob-
ability density function fx(x), then the cumulative distribution function Fx(z) = [ fx(¢)dt
and the kth moment of X is given as E[X*] = [* aFfx(x)dz if the integration is finite.
The skewness of X is given by E[(X — u)?]/Var(X)%? and the kurtosis of X is given by
E[(X — p)*/Var(X)% The last two quantities describe the shape of the density function:
negative values for the skewness indicate distributions that are skewed to the left and positive
values indicate distributions skewed to the right. By skewed to the left, we mean that the
left tail is heavier than the right tail. Similarly, skewed to the right means that the right tail
is heavier than the left tail. A large kurtosis indicates a “peaked” distribution and a small
kurtosis indicates a “flat” distribution. Note that we have already used E[g(X)] to denote the
expectation of g(X). Sometimes, we use [ g(z)dFx(z) to represent this whether or not X is
continuous or discrete. This notation will be clear after we introduce probability measures.

Next we review an important quantity in distribution theory, namely the characteristic func-
tion of X. By definition, the characteristic function for X is defined as ¢x(t) = FElexp{itX}] =
[ exp{itz}dFx(z), where i is the imaginary unit, the square-root of -1. Equivalently, ¢y (t)
is equal to [ exp{itz}fx(z)dz for continuous X and is ), m;exp{itz;} for discrete X. The
characteristic function is important since it uniquely determines the distribution function of X,
the fact implied in the following theorem:

Theorem 1.1 (Uniqueness Theorem) If a random variable X with distribution function
Fx has a characteristic function ¢y (t) and if @ and b are continuous points of F'x, then

T _—ita _ ,—it

Moreover, if Fx has a density function fx (for continuous random variable X) , then

Frla) = 2 / et (1)t

:% N

We defer the proof to Chapter 3. Similar to the characteristic function, we can define the
moment generating function for X as Mx(t) = E[exp{tX}]. However, we note that M () may
not exist for some t but ¢x(t) always exists.

Another important and distinct aspect in distribution theory is the independence of two
random variables. For two random variables X and Y, we say X and Y are independent if
P(X <z,Y <y) = P(X < x)P(Y < y); ie., the joint distribution function of (X,Y’) is
the product of the two marginal distributions. If (X,Y) has a joint density, then an equiv-
alent definition is that the joint density of (X,Y) is the product of two marginal densities.
Independence introduces many useful properties, among which one important property is that
Elg(X)h(Y)] = E[g(X)]E[h(Y)] for any sensible functions g and h. In the more general
case when X and Y may not be independent, we can calculate the conditional density of
X given Y, denoted by fx|y(z|y), as the ratio between the joint density of (X,Y’) and the
marginal density of Y. Thus, the conditional expectation of X given Y = y is equal to
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EX|Y =vy] = [afxy(z|y)dz. Clearly, when X and Y are independent, fyy(z|y) = fx ()
and F[X|Y = y| = F[X]. For conditional expectations, two formulae are useful:

E[X] = E[E[X|Y]] and Var(X)= E[Var(X|Y)] + Var(E[X|Y)).

So far, we have reviewed some basic concepts for a single random variable. All the above
definitions can be generalized to a multivariate random vector X = (X7, ..., X;)" with a joint
probability mass function or a joint density function. For example, we can define the mean
vector of X as F[X]| = (E[Xy], ..., F[X}])" and define the covariance matrix for X as F[X X'] —
E[X]FE[X]'. The cumulative distribution function for X is a k-variate function Fx(z1,...,zx) =
P(X; < y,..., X < x) and the characteristic function of X is a k-variate function, defined as

¢X(tla 7tk:) _ E[ei(t1X1+...+thk)] — /k ei(tlxl+"'+thk)de(l’1, ’xk)
RE

Similar to Theorem 1.1, an inversion formula holds: Let A = {(z1,..,2%) : a1 < 1 <
bi,...,a; < x < b} be a rectangle in R*¥ and assume P(X € 0A) = 0, where 0A is the
boundary of A. Then

FX bl, .. ) Fx(al, .. ak) (X S A)

e i —it;b;

— €

Ox(t1, ..., ty)dty - - - diy.

T—>oo

Finally, we can define the conditional densﬂ:y, the conditional expectation, and independence
of two random vectors similarly to the univariate case.

1.2 Examples of Special Distributions
We list some commonly-used distributions in the following examples.

Example 1.1 Bernoulli Distribution and Binomial Distribution A random variable X
is said to be Bernoulli(p) if P(X = 1) =p=1—- P(X = 0). If Xy,..., X,, are independent,
identically distributed (i.i.d) Bernoulli(p), then S,, = X; + ... + X, has a binomial distribution,
denoted by S,, ~ Binomial(n,p), with

Psy =)= )k -

The mean of S, is equal to np and the variance of S,, is equal to np(1 — p). The characteristic
function for S, is given by _ _

E[e"™"] = (1 —p+ pe™)™.
Clearly, if Sy ~ Binomial(ny,p) and Sy ~ Binomial(ns,p) and Sy, Ss are independent, then
S1 4 Sy ~ Binomial(ny + na, p).

Example 1.2 Geometric Distribution and Negative Binomial Distribution Let X, X5, ...
be i.i.d Bernoulli(p). Define W) = min{n : X; + ... + X,, = 1}. Then it is easy to see

PWy=k)=Q1-p)'p, k=1,2,..
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We say Wi has a geometric distribution: W; ~ Geometric(p). To be general, define W,,, =
min{n : X; + ... + X;, = m} to be the first time that m successes are obtained. Then

k—1
m— 1

P(Wn, = k) = ( )pm(l )" k=m,m+1, ...

W, is said to have negative binomial distribution: W,, ~ Negative Binomial(m, p). The mean
of W, is equal to m/p and the variance of W,, is m/p*—m/p. If Z; ~ Negative Binomial(my, p)
and Z; ~ Negative Binomial(ms, p) and Z;, Zs are independent, then

7y + Zy ~ Negative Binomial(m; + ma, p).

Example 1.3 Hypergeometric Distribution A hypergeometric distribution can be obtained
using the following urn model: suppose that an urn contains N balls with M bearing the number
1 and N — M bearing the number 0. We randomly draw a ball and denote its number as X;.
Clearly, X; ~ Bernoulli(p) where p = M/N. Now replace the ball back in the wrn and
randomly draw a second ball with number X5 and so forth. Let S,, = X; + ... + X,, be the sum
of all the numbers in n draws. Clearly, S,, ~ Binomial(n,p). However, if each time we draw
a ball but do not replace it back, then Xy, ..., X,, are dependent random variable. It is known
that S, has a hypergeometric distribution:

() (i)

P(S, =k) = k=01,..,n

Or, we write S,, ~ Hypergeometric(N, M,n).

Example 1.4 Poisson Distribution A random variable X is said to have a Poisson distri-
bution with rate A, denoted X ~ Poisson()), if

Aee=A
P(X = k) =",

It is known that E[X]| = Var(X) = X and the characteristic function for X is equal exp{—A(1—
e")}. Thus, if X; ~ Poisson(\;) and Xy ~ Poisson()\;) are independent, then X; + X5 ~
Poisson(A\ + Ag). It is also straightforward to check that conditional on X7 + Xy = n, X is
Binomial(n, A; /(A1 + A2)). In fact, a Poisson distribution can be considered as the summation
of a sequence of Bernoulli trials each with small success probability: suppose that X1, ..., X,
are i.i.d Bernoulli(p,) and np, — A. Then S,, = X,;; + ... + X,,,, has a Binomial(n, p,,). We note
that for fixed k, when n is large,

k=0,1,2, ..

n! \F
'pfl(l — pn)"_k — e,

POy =k) = = i

Example 1.5 Multinomial Distribution Suppose that {By, ..., By} is a partition of R. Let
Y1, ..., Y, beiidrandom variables. Let X; = (X1, ..., Xix) = (I, (Y2), ..., Ip, (Vi) fori=1,...n
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and set N = (Ny,..., Ny) = > 1, X;. That is, N;,1 <[ < k counts the number of times that
{Y1,...,Y,} fall into B;. It is easy to calculate

n

P(Ni=nq,... Ny =ng) = < )p?1~-~pzk, n+...+n, =n,

Nyy .oy N

where p; = P(Y} € By),...,pr = P(Y1 € By). Such a distribution is called the Multinomial
distribution, denoted Multinomial(n, (p1, .., px)). We note that each N is a binomial distribution
with mean np;. Moreover, the covariance matrix for (Ny, ..., Ny) is given by

pi(l=—p1) ... —pip
ok - pe(l—pr)

Example 1.6 Uniform Distribution A random variable X has a uniform distribution in an
interval [a, b] if X’s density function is given by Ijq3)(2)/(b—a), denoted by X ~ Uniform(a,b).
Moreover, E[X] = (a +b)/2 and Var(X) = (b —a)?/12.

Example 1.7 Normal Distribution The normal distribution is the most commonly used
distribution and a random variable X with N(u,0?) has a probability density function

1 (v — p)?
exp{————
\V2mo? 202

Moreover, E[X] = p and var(X) = o2. The characteristic function for X is given by exp{itu —
o?t?/2}. We will discuss this distribution in detail later.

1.

Example 1.8 Gamma Distribution A Gamma distribution has a probability density

1
BoL(0)
denoted by I'(#, 3). It has mean 03 and variance 3%, Specially, when 6 = 1, the distribution

is called the exponential distribution, Exp(3). When 6 = n/2 and 8 = 2, the distribution is
called the Chi-square distribution with degrees of freedom n, denoted by x2.

2071 exp{—%}, x>0

Example 1.9 Cauchy Distribution The density for a random variable X ~ Cauchy(a,b)

has the form .

br {1+ (z — a)?/b?}

Note E[X] = oo. Such a distribution is often used as a counterexample in distribution theory.

Many other distributions can be constructed using some elementary algebra such as sum-
mations, products, and quotients of the above special distributions. We will discuss these in
the next section.
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1.3 Algebra and Transformation of Random Variables (Vec-
tors)

In many applications, one wishes to calculate the distribution of some algebraic expression
of independent random variables. For example, suppose that X and Y are two independent
random variables. We wish to find the distributions of X +Y, XY and X/Y (we assume Y > 0
for the last two cases).

The calculation of these algebraic distributions is often done using the conditional expec-
tation. To see how this works, we denote F() as the cumulative distribution function of any
random variable Z. Then for X +Y,

Fxiy(z) = E[I(X+Y < 2)] = By [Ex[I(X < 2=Y)|[Y]] = Ey[Fx(2=Y)] = /FX(Z—y)dFY(y);

symmetrically,
Fx+y(2) = /Fy(z — $)de(l’)

The above formula is called the convolution formula, sometimes denoted by F'y * Fy(z). If both
X and Y have densities functions fx and fy respectively, then the density function for X +Y
is equal to

Fxox oz /fxz— )V (y dy—/fyz—xfx()

Similarly, we can obtain the formulae for XY and X/Y as follows:

Fxy(z2) = E[E[I(XY < 2)|[Y]] = /Fx(Z/y)dFy(y), fxv(z /fx 2/y)/yfy (y)dy,

FX/Y(Z) = E[E[I(X/Y <2)[Y]] = /FX(yz)dFy(y), fX/Y /fX y2)y fy (y)dy

These formulae can be used to construct some familiar distributions from simple random
variables. We assume X and Y are independent in the following examples.

Example 1.10 (i) X ~ N(u1,07) and Y ~ N(p2,03). X +Y ~ N(uy + po, 03 + 03).
(ii) X ~ Cauchy(0,01) and Y ~ Cauchy(0, o3) implies X + Y ~ Cauchy(0, 01 + 03).
(ili) X ~ Gamma(ry,0) and Y ~ Gamma(rs, ) implies that X +Y ~ Gamma(ry + r2,0).
(iv) X ~ Poisson(A;) and Y ~ Poisson()\y) implies X + Y ~ Poisson(A; + A).
(v) X ~ Negative Binomial(my, p) and Y ~ Negative Binomial(ms, p). Then X +Y ~ Negative
Binomial(my + ma, p).

The results in Example 1.10 can be verified using the convolution formula. However, these
results can also be obtained using characteristic functions, as stated in the following theorem.

Theorem 1.2 Let ¢x(t) denote the characteristic function for X. Suppose X and Y are
independent. Then ¢x .y (t) = ox(t)oy(t). t

The proof is direct. We can use Theorem 1.2 to find the distribution of X +Y . For example,
in (i) of Example 1.10, we know ¢y (t) = exp{uit — o?t?/2} and ¢y (t) = exp{ust — o3t?/2}.
Thus,

Ox+v(t) = exp{(m + po)t — (07 + 03)t/};
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while the latter is the characteristic function of a normal distribution with mean (g1 + p2) and
variance (o} + 03).

Example 1.11 Let X ~ N(0,1), Y ~ x2, and Z ~ x2 be independent. Then
X
VY/m
Y/m
Z/n
Y
Y+ Z

~ Student’s t(m),

~ Snedecor’s Fy, .,

~ Beta(m/2,n/2),

where
I'((m+1)/2) 1
Feon () = T 2) (1 2o e ()

L(m+n)/2 (m/n)™/2gm/?71

T (@) = R T (0/2) (1 &m0 (7)
[Betaap) = %x“_l(l —2) ' I0< 2 <1).

Example 1.12 If Y7, ..., Y, are i.i.d Exp(#), then

Yi+...4+Y; . .
Z; = ~ Beta(i,n —i+1).
Yi+.. 4 Yoo (i —i+1)

Particularly, (Z1, ..., Z,) has the same joint distribution as that of the order statistics (&,.1, .-, §nin)
of n Uniform(0,1) random variables.

Both the results in Example 1.11 and 1.12 can be derived using the formulae at the beginning
of this section. We now start to examine the transformation of random variables (vectors).
Especially, the following theorem holds.

Theorem 1.3 Suppose that X is k-dimension random vector with density function fy (z1, ..., xx).
Let g be a one-to-one and continuously differentiable map from R* to R*. Then Y = g(X) is
a random vector with density function

Fx (a7 s o ) g1 (s -y )

where ¢g~! is the inverse of g and .J -1 is the Jacobian of g~'. §

The proof is simply based on the variable-transformation in integration. One application of
this result is given in the following example.

Example 1.13 Let X and Y be two independent standard normal random variables. Consider
the polar coordinate of (X,Y), i.e., X = Rcos® and Y = Rsin©®. Then Theorem 1.3 gives
that R? and © are independent and moreover, R* ~ Exp{2} and © ~ Uniform(0,2m). As an
application, if one can simulate variables from a uniform distribution (©) and an exponential
distribution (R?), then using X = Rcos©® and Y = Rsin © produces variables from a standard
normal distribution. This is exactly the way normally distributed numbers are generated in
most statistical packages.
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1.4 Multivariate Normal Distribution

One particular distribution we will encounter in larger-sample theory is the multivariate normal
distribution. A random vector Y = (Y7, ..., Y,,)  is said to have a multivariate normal distribution
with mean vector u = (p1, ..., 4n)" and non-degenerate covariance matrix %, ,, denoted as
N(u,X) or N,(u,X) to emphasize Y'’s dimension, if Y has a joint density as

(e wevti) = s Pl = 0= = )

We can derive the characteristic function of Y using the following ad hoc way:
or(t) = Ele]
B W /eXp{it/y - %(y — 1)’y — p)}dy
= G [ ey e e 5y -

exp{—p'S""u/2}
(277')”/2‘2‘1/2

1
exp {—5(@/ = Xit — p)'S7H(y — Bt — p)
1
—|—§(2it + p)S7H(Sit + ,u)} dy
g/ 1 /
= exp{it'y — §t it}
Particularly, if Y has standard multivariate normal distribution with mean zero and covariance
[n><n7 ¢Y(t) = eXp{_t,t/2}
The following theorem describes the properties of a multivariate normal distribution.

Theorem 1.4 If Y = A, Xix1 where X ~ Ni(0,I) (standard multivariate normal distribu-
tion), then Y’s characteristic function is given by

by (t) = exp {—t'St/2}, t=(t1,...t,) € R",

where ¥ = AA" and rank(X) = rank(A). Conversely, if ¢y (t) = exp{—t'3t/2} with X,x, >0
of rank k, then, for some n x k matrix A for which AA" =¥,

Y = Apur Xix1 with rank(A) = k and X ~ Ni(0,1).

Proof
oy (t) = Elexp{it/(AX)}] = Elexp{i(A't) X}] = exp{—(A't) (A't)/2} = exp{—t' AA't/2}.

Thus, ¥ = AA’ and rank(X) = rank(A). Conversely, if ¢y (t) = exp{—t'¥t/2}, then from
matrix theory, there exist an orthogonal matrix O such that ¥ = O’DO, where D is a diagonal
matrix with first & diagonal elements positive and the rest (n — k) elements being zero. Denote
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these positive diagonal elements as dy, ..., d;. Define Z = OY. Then the characteristic function
for Z is given by

62(t) = Elexp{it'(0Y)}] = Elexp{i(0't) Y}] = exp{—(0't)' £(0't)/2}

= exp{—dit}/2 — ... — dit3/2}.
This implies that Zi, ..., Zy are independent N(0,d;), ..., N(0,d;) and Zy11 = ... = Z, = 0. Let
X, =Z;/\/d; for i =1,....k and write O' = (Bpxk, Crix(n—k)). Then
Zl Xl
Y:O,Z:ank :ankdiag{(\/ dl,...,\/dk)} = AX.
Zk Xk

Clearly, rank(A) = k. 1

Theorem 1.5 Suppose that Y = (Y73, ..., i, Yii1, ..., ¥,) has a multivariate normal distribution
with mean = (u®’, 1®") and a non-degenerate covariance matrix

Y Yo

»= (221 222) |
Then
(1) (Y, ..., Y2)" ~ Ne(pD, £41).
(i) (Y3,...,Yx) and (Yiy1, ..., Yn) are independent if and only if X1 = 39y = 0.
(iii) For any matrix A,,«,, AY has a multivariate normal distribution with mean Ap and co-
variance AYA’.
(iv) The conditional distribution of Y\ = (Vi,...,¥}) given Y® = (Yiyy, ..., Y, is a multi-
variate normal distribution given as

YWIY® o Np(u + 2555 (Y® — 4@, 81 — 21555 5).

Proof (i) From Theorem 1.4, we obtain that the characteristic function for (Y1, ...,Y3) — uV
is given by exp{—t'(DX)(DX)'t/2}, where D = (Iixr Ogxm—k)). Thus, the characteristic
function is equal to

exXp {—(tl, ceey tk)le(tl, ceey tk),/2} s

which is the same as the characteristic function from Ny (0, ;7).
(ii) The characteristics function for Y can be written as

exp Zt(l),ﬂ(l) + Zt(z)/,u@) - % {t(l),znt(l) + Qt(l)lzlgt(z) + t(z)/222t(2)}} .

If 315 = 0, the characteristics function can be factorized as the product of the separate functions
for t and t®. Thus, Y and Y® are independent. The converse is obviously true.
(iii) The result follows from Theorem 1.4.
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(iv) Consider ZM) =Y — M 33,3 HY @ — @), From (iii), Z(") has a multivariate normal
distribution with mean zero and covariance calculated by

Cov(ZW, ZWY) = Cov(YV YWY — 25,57 Cov(Y®, YD) 4+ £1,55 Cov(Y D YO8 L%,

=11 — 1255 S
On the other hand,

Cov(ZW YD) = Cov(YV  YP) - 2,30 Con(Y® Y 3) = 0.

From (ii), Z® is independent of Y?). Then the conditional distribution Z(!) given Y'® is the
same as the unconditional distribution of Z(M): i.e.,

ZWY® ~ N0, 511 — $19855 501).
The result follows. f

With normal random variables, we can use algebra of random variables to construct a
number of useful distributions. The first one is the Chi-square distribution. Suppose X ~
N, (0,1), then ||X[]* = >, X? ~ x2, the chi-square distribution with n degrees of freedom.
One can use the convolution formula to obtain that the density function for x?2 is equal to the
density for the Gamma(n/2,2), denoted by g(y;n/2,1/2).

Corollary 1.1 If Y ~ N, (0,%) with 3 > 0, then Y'S7'Y ~ 2. ¢

Proof Since ¥ > 0, there exists a positive definite matrix A such that AA" = . Then
X =AY ~ N,(0,I). Thus
Y'STY = X'X ~ 2.

Suppose X ~ N(p,1). Define Y = X2 § = p?. Then Y has density

fr(y) =D pu(6/2)g(y; 2k +1)/2,1/2),

k=0

where pg(6/2) = exp(—8/2)(6/2)*/k!. Another ways to obtain this is: Y|K =k ~ x3,; where
K ~ Poisson(6/2). We say Y has the noncentral chi-square distribution with 1 degree of free-
dom and noncentrality parameter § and write Y ~ x3(8). More generally, if X = (X1, ..., X,,) ~
Ny(p, 1) and let Y = X'X, then Y has a density fy(y) = > 1oy pr(6/2)9(y; (2k +n)/2,1/2)
where § = p'pu. We write Y ~ x2(8) and say Y has a noncentral chi-square distribution with n
degrees of freedom and noncentrality parameter §. It is then easy to show that if X ~ N(u, %),
then Y = X'S71X ~ x2(6).

If X ~ N(0,1),Y ~ x2 and they are independent, then X/+/Y/n is called the t-distribution
with n degrees of freedom. If Y} ~ x2.Yy ~ x2 and Y; and Y, are independent, then
(Y1/m)/(Ys/m) is called an F-distribution with degrees freedom of m and n. These distri-
butions have already been introduced in Example 1.11.
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1.5 Families of Distributions

In Examples 1.1-1.12, we have listed a number of different distributions. Interestingly, a number
of them can be unified into a family of general distribution form. One advantage of this
unification is that in order to study the properties of each distribution within the family, we
can examine this family as a whole.

The first family of distributions is called the location-scale family. Suppose that X has a
density function fx(z). Then the location-scale family based on X consists of all the distribu-
tions generated by aX + b where a is a positive constant (scale parameter) and b is a constant
called the location parameter. We notice that distributions such as N(u,0?), Uniform(a,b),
Cauchy(u, o) belong to the location-scale family. For a location-scale family, we can easily see
that aX + b has a density fx((y —b)/a)/a and it has mean aE[X] + b and variance a*var(X).

The second important family, which we will discuss in more detail, is called the ezponential
family. In fact, many examples of either univariate or multivariate distributions, including bino-
mial, poisson distributions for discrete variables and normal distribution, gamma distribution,
and beta distribution for continuous variables, belong to some exponential family. Especially,
a family of distributions, { Py}, is said to form an s-parameter exponential family if the distri-
butions Py have densities (with respect to some common dominating measure ) of the form

po(x) = exp {Z e (0) T (x) — B(Q)} h(z).

Here n; and B are real-valued functions of # and T} are real-value functions of x. When
{ni(0)} = 0, the above form is called the canonical form of the exponential family. Clearly, it
stipulates that

exp{B(0)} = /exp{z Ne(6) Ty (x) }h(x)dp(z) < oo.
k=1
Example 1.14 X, ..., X,, are i.i.d according to N(u, 0?). Then the joint density of (X1, ..., X,,)

is given by
SN SR G S
exp{azzlx, 202 4 1% 252" } (v2ro)m

1= =

Then m(0) = p/0?, ma(0) = —1/20%, Ti(w1, ... x0) = D00 @, and To(a, . w,) = D0, 7.

Example 1.15 X has binomial distribution Binomial(n,p). The distribution of X = z can
written as

expq{z log 1 fp +nlog(l —p)} (Z)

Clearly, () = log(p/(1 —p)) and T'(z) = x.

Example 1.16 X has poisson distribution with poisson rate A\. Then
P(X =) = exp{xlog\ — A\}/zl.

Thus, n(0) =log A and T'(z) = x.
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Since the exponential family covers a number of familiar distributions, one can study the
exponential family as a whole to obtain some general results applicable to all the members
within the family. One result is to derive the moment generation function for (77, ..., Ts), which
is defined as

MT(tl, ey ts) =F [exp{t1T1 + ...+ tSTs}] .

Note that the coefficients in the Taylor expansion of My correspond to the moments of (77, ..., T%).

Theorem 1.6 Suppose the densities of an exponential family can be written as the canonical
form

exp{)_ mTr(x) = Aln)}h(x),
k=1
where n = (91, ...,ms)". Then for t = (t1, ..., t5)’,

Mr(t) = exp{A(n +1t) — A(n)}.

Proof It follows from that
Mrp(t) = Elexp{tiTh + ... + t,Ts}] = /exp{Z(m +t:)Ti(x) — A(n) ph(z)dp(x)
k=1

and

exp{A(n)} = / exp{ 3 neTi (@) () da(z).
k=1

Therefore, for an exponential family with canonical form, we can apply Theorem 1.6 to
calculate moments of some statistics. Another generating function is called the cumulant gen-
erating function defined as

KT(tlv ceey ts) = log MT(th ceey ts) = A(77 + t) - A(n)
Its coefficients in the Taylor expansion are called the cumulants for (77, ..., T}).

Example 1.17 In normal distribution of Example 1.14 with n = 1 and o2 fixed, n = pu/0? and

1

A(n) = — 1% = n?02/2.
(n) 5,2 no’/

Thus, the moment generating function for T'= X is equal to

Mr(t) = exp{Z- (g + 1) = )} = exp{ut + °0%/2}.

From the Taylor expansion, we can obtain that the moments of X, whose mean is zero (u = 0),
is given by
EX*t=0,E[X"]=1-2---(2r—1)o*,r=1,2,...

Y
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Example 1.18 X has a gamma distribution with density

1
—— % le b 1 > 0.

['(a)be
For fixed a, it has a canonical form
exp{—x/b+ (a — 1) logz — log(I'(a)b*) }I(x > 0).

Correspondingly, n = —1/b,T = X, A(n) = log(I'(a)b*) = alog(—1/n) + logT'(a). Then the
moment generating function for T = X is given by

My (t) = explalog - Z = (1 -b)

After Taylor expansion around zero, we obtain
E[X] = ab, E[X?] = ab® + (ab)?, ...

As a further note, the exponential family has an important role in classical statistical infer-
ence since it possesses many nice statistical properties. We will revisit this in Chapter 4.

READING MATERIALS: You should read Lehmann and Casella, Sections 1.4 and 1.5.

PROBLEMS

1. Verify the densities of ¢(m) and F,,, in Example 1.11.
2. Verify the two results in Example 1.12.
3. Suppose X ~ N(v,1). Show that Y = X? has a density

Frw) = S pe(e?/2)9(ys (2k + 1)/2,1/2),

where p(p2/2) = exp(—u?/2)(1?/2)% /k! and g(y;n/2,1/2) is the density of Gamma(n/2,2).
4. Suppose X = (Xi,..., X)) ~ N(p,I) and let Y = X'X. Show that Y has a density
Fr(v) =Y peli' p/2)g(y; 2k +n)/2,1/2).
k=0

5. Let X ~ Gamma(ay, ) and Y ~ Gamma(as, ) be independent random variables.
Derive the distribution of X/(X +Y).



DISTRIBUTION THEORY 14

6. Show that for any random variables X, Y and Z,
Cov(X,Y) = FE[Cov(X,Y|Z)]+ Cov(E[X|Z], E[Y|Z]),
where C'ov(X,Y|Z) is the conditional covariance of X and Y given Z.

7. Let X and Y bei.i.d Uniform(0,1) random variables. Define U = XY,V = max(X,Y) =
XVY.

(a) What is the range of (U, V)?
(b) find the joint density function fy v (u,v) of the pair (U, V). Are U and V indepen-
dent?
8. Suppose that for 0 € R,
fo(u,v) ={14+0(1 —2u)(1 —20)} I(0<u<1,0<v<1).

(a) For what values of 0 is fy a density function in [0, 1]2?

(b) For the set of #’s identified in (a), find the corresponding distribution function Fj
and show that it has Uniform(0,1) marginal distributions.

(c) If (U, V) ~ fp, compute the correlation p(U, V') = p as a function of 6.

9. Suppose that F' is the distribution function of random variables X and Y with X ~
Uniform(0, 1) marginally and Y ~ Uniform(0, 1) marginally. Thus, F'(x,y) satisfies

Fz,1)=2z, 0<x<1, and F(l,y)=y, 0<y<1.

(a) Show that
Fz,y) <z Ny

forall 0 <x <1,0 <y <1. Here z A y = min(z,y) and we denote it as Fy(z,y).
(b) Show that
F(r,y) > (x+y—1)"
forall 0 <2 <1,0<y<1. Here (x+y—1)" = max(x +y — 1,0) and we denote
it as Fir(z,y).

(c) Show that Fys is the distribution function of (X, X) and Fy, is the distribution func-
tion of (X, 1 — X).

10. (a) If W ~ x3 = Gamma(1,2), find the density of W, the distribution function W and
the inverse distribution function explicitly.

(b) Suppose that (X,Y) ~ N(0, Isx2). In two-dimensional plane, let R be the distance
of (X,Y) from (0,0) and 6 be the angle between the line from (0,0) to (X,Y) and
the right-half line of z-axis. Then X = Rcos©® and Y = Rsin ©. Show that R and
O are independent random variables with R? ~ y3 and © ~ Uniform(0, 27).

(c) Use the above two results to show how to use two independent Uniform(0,1) random
variables U and V' to generate two standard normal random variables. Hint: use one
result that if X has a distribution function F' then F'(X) has a uniform distribution
in [0, 1].
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11.

12.

13.

14.

15.

Suppose that X ~ F on [0,00), Y ~ G on [0,00), and X and Y are independent random
variables. Let Z =min{X,Y} =X AY and A=I(X <Y).
(a) Find the joint distribution of (Z, A).
(b) If X ~ Exponential(A\) and Y ~ Exponential(x), show that Z and A are indepen-
dent.

Let X1, ..., X,, be i.i.d N(0,0?). (wy,...,w,) is a constant vector such that wy, ..., w, > 0

and w; + ... +w, = 1. Define X,,,, = Vu1 X1 + ... + Jw,X,,. Show that
(a) Y, = X,/o ~ N(0,1).
(b) (n—1)83/0% = (300, X7P = X7,)/0% ~ iy
(c) Y, and S? are independent so T, = Y,,/1/S2 ~ t,_1/0.
(d) when w; = ... = w, = 1/n, show that Y,, is the standardized sample mean and S? is
the sample variance.

Hint: Consider an orthogonal matrix ¥ such that the first row is (\/w1, ..., /wy). Let

Then Y,, = Z, /o and (n —1)S2/0? = (Z2 + ... + Z%)/o?.

Let X, x1 ~ N(0,I,xn). Suppose that A is a symmetric matrix with rank r. Then
X'AX ~ x%if and only if A is a projection matrix (that is, A*> = A). Hint: use the
following result from linear algebra: for any symmetric matrix, there exits an orthogonal
matrix O such that A = O’ diag((dy, ...,d,))O; A is a projection matrix if and only if
dy, ...,d, take values of 0 or 1’s.

Let W,, ~ Negative Binomial(m, p). Consider p as a parameter.

(a) Write the distribution as an exponential family.

(b) Use the result for the exponential family to derive the moment generating function
of W, denoted by M(t).

(c) Calculate the first and the second cumulants of W,,. By definition, in the expansion
of the cumulant generating function,

N Hk e
log M(t) = Tt
k=0
g is the kth cumulant of W,,,. Note that these two cumulants are exactly the mean

and the variance of W,,,.

For the density C'exp {—|z["/?},—00 < < oo, where C' is the normalizing constant,
show that moments of all orders exist but the moment generating function exists only at
t=0.
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16.
17.
18.
19.
20.
21.
22.
23.

Lehmann and Casella, page 64, problem 4.2.
Lehmann and Casella, page 66, problem 5.6.
Lehmann and Casella, page 66, problem 5.7.
Lehmann and Casella, page 66, problem 5.8.
Lehmann and Casella, page 66, problem 5.9.
Lehmann and Casella, page 66, problem 5.10.
Lehmann and Casella, page 67, problem 5.12.

Lehmann and Casella, page 67, problem 5.14.
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CHAPTER 2 MEASURE,
INTEGRATION AND
PROBABILITY

This chapter is an introduction to (probability) measure theories, a foundation for all the
probabilistic and statistical framework. We first give the definition of a measure space. Then
we introduce measurable functions in a measure space and the integration and convergence of
measurable functions. Further generalization including the product of two measures and the
Radon-Nikodym derivatives of two measures is introduced. As a special case, we describe how
the concepts and the properties in measure space are used in parallel in a probability measure
space.

2.1 A Review of Set Theory and Topology in Real Space

We review some basic concepts in set theory. A set is a collection of elements, which can be a
collection of real numbers, a group of abstract subjects and etc. In most of cases, we consider
that these elements come from one largest set, called a whole space. By custom, a whole space
is denoted by €2 so any set is simply a subset of 2. We can exhaust all possible subsets of (2
then the collection of all these subsets is denoted as 2, called the power set of €. We also
include the empty set, which has no element at all and is denoted by (), in this power set.

For any two subsets A and B of the whole space €2, A is said to be a subset of B if B contains
all the elements of A, denoted as A C B. For arbitrary number of sets { A, : « is some index},
where the index of o can be finite, countable or uncountable, we define the intersection of these
sets as the set which contains all the elements common to A, for any a. The intersection of
these sets is denoted as N A,. A,’s are disjoint if any two sets have empty intersection. We
can also define the union of these sets as the set which contains all the elements belonging to
at least one of these sets, denoted as U, A,. Finally, we introduce the complement of a set A,
denoted by A°, to be the set which contains all the elements not in A. Among the definitions
of set intersection, union and complement, the following relationships are clear: for any B and

{Ads},
BN{U,As} = U {BNA.}, BU{NA.} =N {BUA,},

{UaAa} =N AL, {NaAa}t = U AS. ( de Morgan law)

Sometimes, we use (A — B) to denote a subset of A excluding any elements in B. Thus
(A — B) = An B°. Using this notation, we can always partition the union of any countable

17
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sets Ay, Ao, ... into a union of countable disjoint sets:
A1UA2UA3U :A1U(A2—A1)U(A3—A1UA2)U

For a sequence of sets Aq, Ay, Az, ..., we now define the limit sets of the sequence. The upper
limit set of the sequence is the set which contains the elements belonging to infinite number
of the sets in this sequence; the lower limit set of the sequence is the set which contains the
elements belonging to all the sets except a finite number of them in this sequence. The former
is denoted by lim, A,, or lim sup,, A, and the latter is written as lim, A,, or liminf, A,. We can
show

limsup A, = Ny2 {uUrr_ A}, lim i%f A, =02 {nx¥_ An}.

When both limit sets agree, we say that the sequence has a limit set. In the calculus, we know
that for any sequence of real numbers z1, xo, ..., it has a upper limit, lim sup,, x,,, and a lower
limit, liminf,, z,,, where the former refers to the upper bound of the limits for any convergent
subsequences and the latter is the lower bound. It should be cautious that such upper limit or
lower limit is different from the upper limit or lower limit of sets.

The second part of this section reviews some basic topology in a real line. Because the
distance between any two points is well defined in a real line, we can define a topology in a real
line. A set A of the real line is called an open set if for any point © € A, there exists an open
interval (z —e,x +€) contained in A. Clearly, any open interval (a, b) where a could be —oco and
b could be oo, is an open set. Moreover, for any number of open sets A, where « is an index,
it is easy to show that U, A, is open. A closed set is defined as the complement of an open set.
It can also be show that A is closed if and only if for any sequence {z,} in A such that z,, — z,
x must belong to A. By the de Morgan law, we also see that the intersection of any number
of closed sets is still closed. Only () and the whole real line are both open set and closed set;
there are many sets neither open or closed, for example, the set of all the rational numbers. If
a closed set A is bounded, A is also called a compact set. These basic topological concepts will
be used later. Note that the concepts of open set or closed set can be easily generalized to any
finite dimensional real space.

2.2 Measure Space

2.2.1 Introduction

Before we introduce a formal definition of measure space, let us examine the following examples.

Example 2.1 Suppose that a whole space ) contains countable number of distinct points
{x1,19,...}. For any subset A of 2, we define a set function u#(A) as the number of points in
A. Therefore, if A has n distinct points, u#(A) = n; if A has infinite many number of points,
then p#(A) = co. We can easily show that (a) pu# (D) = 0; (b) if Ay, A, ... are disjoint sets of
Q, then p#(U,A,) = Y, 1#(A,). We will see later that u# is a measure called the counting
measure in €.

Example 2.2 Suppose that the whole space {2 = R, the real line. We wish to measure the sizes
of any possible subsets in R. Equivalently, we wish to define a set function A which assigns
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some non-negative values to the sets of R. Since A measures the size of a set, it is clear that
A should satisfy (a) A(()) = 0; (b) for any disjoint sets Aj, As, ... whose sizes are measurable,
AMUpAyn) =, A(A,). Then the question is how to define such a A. Intuitively, for any interval
(a,b], such a value can be given as the length of the interval, i.e., (b — a). We can further
define A-value of any set in By, which consists of () together with all finite unions of disjoint
intervals with the form U! ,(a;,b;], or Ul (a;, b;] U (ans1,00), (—00,bygr] U UM, (a;, b;], with
a;,b; € R, as the total length of the intervals. But can we go beyond it, as the real line has far
far many sets which are not intervals, for example, the set of rational numbers? In other words,
is it possible to extend the definition of A\ to more sets beyond intervals while preserving the
values for intervals? The answer is yes and will be given shortly. Moreover, such an extension

is unique. Such set function A is called the Lebesgue measure in the real line.

Example 2.3 This example simply asks the same question as in Example 2.2, but now on
k-dimensional real space. Still, we define a set function which assigns any hypercube its volume
and wish to extend its definition to more sets beyond hypercubes. Such a set function is called
the Lebesque measure in R¥, denoted as \*.

From the above examples, we can see that three pivotal components are necessary in defining
a measure space:

(i) the whole space, Q, for example, {1, 7s,...} in Example 2.1, R and R* in the last two
examples,

(ii) a collection of subsets whose sizes are measurable, for example, all the subsets in Example
2.1, the unknown collection of subsets including all the intervals in Example 2.2,

iii) a set function which assigns negative values (sizes) to each set of (ii) and satisfies properties
t function which assigns negative values (sizes) to each set of (ii) and satisfi ti
(a) and (b) in the above examples.

For notation, we use (£, A, 1) to denote each of them; i.e., € denotes the whole space, A
denotes the collection of all the measurable sets, and p denotes the set function which assigns
non-negative values to all the sets in A.

2.2.2 Definition of a measure space

Obviously, €2 should be a fixed non-void set. The main difficulty is the characterization of A.
However, let us understand intuitively what kinds of sets should be in A: as a reminder, A
contains the sets whose sizes are measurable. Now suppose that a set A in A is measurable
then we would think that its complement is also measurable, intuitively, the size of the whole
space minus the size of A. Additionally, if Ay, As, ... are in A so are measurable, then we should
be able to measure the total size of Ay, A, ..., i.e, the union of these sets. Hence, as expected,
A should include the complement of a set which is in A and the union of any countable number
of sets which are in .A. This turns out that A must be a o-field, whose definition is given below.

Definition 2.1 (fields, o-fields) A non-void class A of subsets of 2 is called a:

(i) field or algebra if A, B € A implies that AU B € A and A° € A; equivalently, A is closed
under complements and finite unions.

(ii) o-field or o-algebra if A is a field and Ay, As, ... € A implies U2, A; € A; equivalently, A is
closed under complements and countable unions. {
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In fact, a o-field is not only closed under complement and countable union but also closed
under countable intersection, as shown in the following proposition.

Proposition 2.1. (i) For a field A, §,Q € A and if Ay,..., A, € A, N, A; € A
(i) For a o-field A, if Ay, Ay, ... € A, then N2, A; € A. 1

Proof (i) For any A € A, Q = AUA® € A. Thus, ) = Q¢ € A If Ay,...., A, € A then
M Ai = (UL 45)° € A
(i) can be shown using the definition of a (o-)field and the de Morgan law.

We now give a few examples of o-field or field.

Example 2.4 The class A = {(), Q} is the smallest o-field and 2% = {A : A C Q} is the largest
o-field. Note that in Example 2.1, we choose A = 2% since each set of A is measurable.

Example 2.5 Recall B in Example 2.2. It can be checked that By is a field but not a o-field,
since (a,b) = U2, (a,b — 1] does not belong to By.

After defining a o-field A on €2, we can start to introduce the definition of a measure. As
implicated before, a measure can be understood as a set-function which assigns non-negative
value to each set in A. However, the values assigned to the sets of A are not arbitrary and they

should be compatible in the following sense.

Definition 2.2 (measure, probability measure) (i) A measure p is a function from a o-field
A to [0, 00) satisfying: pu(0) = 0; p(U2,A,) = > 7, u(A,) for any countable (finite) disjoint
sets Ay, As, ... € A. The latter is called the countable additivity.

(ii) Additionally, if p(Q2) = 1, p is a probability measure and we usually use P instead of u to
indicate a probability measure. T

The following proposition gives some properties of a measure.

Proposition 2.2 (i) If {A,,} C A and A, C A, for all n, then p(US,A,) = lim,, o 1(A4,).
(ii) If {A,} C A, p(A;) < oo and A,, D A4y for all n, then (NS, A,) = limy, 0 1(An).
(iii) For any {A,} C A, n(UnA,) <>, 1(A,) (countable sub-additivity). t

Proof (i) It follows from
p(Ue An) = (A1 U (As — A U ) = p(Ay) + (A — Ay) + ...
= liyrln {(A) + (A — A) + o+ (A, — Ayq)} = liyrln w(Ay).
(ii) First,
(7 An) = p(Ar) — p(Ar = 75 An) = p(Ar) — p(UpZ, (A NAD)).

Then since A; N A¢ is increasing, from (i), the second term is equal to lim, u(A4; N AS) =
w(Aq) — lim, u(A,). (ii) thus holds.
(iii) From (i), we have

w(U,A,) =limp(A; U...UA,) =lim {Z (A — Uj<iAj)}
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<lm p(A) =Y p(An).
i=1 n
The result holds. } .

If a class of sets {A,} is increasing or decreasing, we can treat U,A, or N,A, as its limit
set. Then Proportion 2.2 says that such a limit can be taken out of the measure for increasing
sets and it can be taken out of the measure for decreasing set if the measure of some A, is
finite. For an arbitrary sequence of sets {A,}, in fact, similar to Proposition 2.2, we can show

p(liminf A,,) = lim p(N32,,A,) < liminf p(A,).

The triplet (2,4, 1) is called a measure space. Any set in A is called a measurable set.
Particularly, if 4 = P is a probability measure, (€2, A, P) is called a probability measure space,
abbreviated as probability space; an element in € is called a probability sample and a set in A
is called a probability event. As an additional note, a measure p is called o-finite if there exists
a countable sets {F,,} C A such that Q = U, F,, and for each F,,, u(F,) < oc.

Example 2.6 (i) A measure p on (€2,.A) is discrete if there are finitely or countably many
points w; € Q and masses m; € [0, 00) such that

Some examples include probability measures in discrete distributions.
(ii) in Example 2.1, we define a counting measure u# in a countable space. This definition can
be generalized to any space. Especially, a counting measure in the space R is not o-finite.

2.2.3 Construction of a measure space

Even though (€, A, i) is well defined, a practical question is how to construct such a measure
space. In the specific Example 2.2, one asks whether we can find a o-field including all the
intervals of By and on this o-field, whether we can define a measure A such that A\ assigns any
interval its length. Even more general, suppose that we have a class of sets C and a set function
u satisfying property (i) of Definition 2.2. Can we find a o-field which contains all the sets
of C and moreover, can we obtain a measure defined for any set of this o-field such that the
measure agrees with p in C? The answer is positive for the first question and is positive for
the second question when C is a field. Indeed, such a o-field is the smallest o-field containing
all the sets of C, called o-field generated by C, and such a measure can be obtained using the
measure extension result as given below.
First, we show that the o-field generated by C exists and is unique.

Proposition 2.3 (i) Arbitrary intersections of fields (o-fields) are fields (o-fields).

(ii) For any class C of subsets of 2, there exists a minimal o-field containing C and we denote
it as o(C). T

Proof (i) can be shown using the definitions of a (o-)field. For (ii), we define

o(C) = Necadis o-fieldA,
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i.e., the intersection of all the o-fields containing C. From (i), this class is also o-field. Obviously,
it is the minimal one among all the o-fields containing C. f

Then the following result shows that an extension of p to o(C) is possible and unique if C
is a field.

Theorem 2.1 (Caratheodory Extension Theorem) A measure p on a field C can be
extended to a measure on the minimal o-field o(C). If p is o-finite on C, then the extension is
unique and also o-finite.

Proof The proof is skipped. Essentially, we define an extension of u using the following outer
measure definition: for any set A,

' (A) = inf {ZM(Az) A eCAC UioilAZ} :
i=1

This is also the way of calculating the measure of any set in o(C). t

Using the above results, we can construct many measure spaces. In Example 2.2, we first
generate a o-field containing all the intervals of By. Such a o-field is called the Borel o-field,
denoted by B, and any set in B is called a Borel set. Then we can extend A to B and the obtained
measure is called the Lebesgue measure. The triplet (R, B, A) is named the Borel measure space.
Similarly, in Example 2.3, we can obtain the Borel measure space in R*, denoted by (RF, BX, \F).

We can also obtain many different measures in the Borel o-field. To do that, let F' be a
fixed generalized distribution function: F'is non-decreasing and right-continuous. Then starting
from any interval (a,b], we define a set function Ag((a,b]) = F(b) — F(a) thus Ar can be easily
defined for any set of By. Using the o-field generation and measure extension, we thus obtain
a different measure Ap in B. Such a measure is called the Lebesque-Stieltjes measure generated
by F. Note that the Lebesuge measure is a special case with F'(x) = z. Particularly, if F' is a
distribution function, i.e., F/(co) = 1 and F(—o0) = 0, this measure is a probability measure
in R.

In a measure space (€2, A, p), it is intuitive to assume that any subsets of a set with measure
zero should be given measure zero. However, these subsets may not be included in A. Therefore,
a final stage of constructing a measure space is to perform the completion by including such
nuisance sets in the o-field. Especially, a general definition of the completion of a measure is
given as follows: for a measure space (€2, A, 1), a completion is another measure space (2, A, i)

where
A={AUN:Ac A N C B for some B € A such that u(B) = 0}

and let (AU N) = u(A). Particularly, the completion of the Borel measure space is called the
Lebesgque measure space and the completed Borel o-field is called the o-field of Lebesgue sets.
From now on, we always assume that a measure space is completed.
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2.3 Measurable Function and Integration

2.3.1 Measurable function

In measure theory, functions defined on a measure space are more interesting and important,
as compared to measure space itself. Specially, only so-called measurable functions are useful.

Definition 2.3 (measurable function) Let X : Q — R be a function defined on Q. X is
measurable if for x € R, the set {w € : X(w) < x} is measurable, equivalently, belongs to A.
Especially, if the measure space is a probability measure space, X is called a random variable.

f

Hence, for a measurable function, we can evaluate the size of the set such like X ~!((—o0, z]).
In fact, the following proposition concludes that for any Borel set B € B, X ~!(B) is a measur-
able set in A.

Proposition 2.4 If X is measurable, then for any B € B, X '(B) = {w: X(w) € B} is
measurable. |

Proof We defined a class as below:
B*={B:B C R,X '(B) is measurable in A} .

Clearly, (—oo,z] € B*. Furthermore, if B € B*, then X !(B) € A. Thus, X '(B°) =
Q — X~Y(B) € A then B® € B*. Moreover, if By, By, ... € B*, then X (By), X !(By), ... € A.
Thus, X Y (BiUByU...) = X YB))UX}By)U...€ A So BiUB,yU ... € B*. We conclude
that B* is a o-field. However, the Borel set B is the minimal o-filed containing all intervals of
the type (—oo, z]. So B C B*. Then for any Borel set B, X ~'(B) is measurable in A. 7

One special example of a measurable function is a simple function defined as Y, | x;14,(w),
where A;,i = 1,...,n are disjoint measurable sets in A. Here, [4(w) is the indicator function
of A such that I4(w) =1 if w € A and 0 otherwise. Note that the summation and maximum
of a finite number of simple functions are still simple functions. More examples of measurable
functions can be constructed from elementary algebra.

Proposition 2.5 Suppose that {X,} are measurable. Then so are X; + X5, X; X5, X? and
sup,, X, inf,, X, limsup,, X, and liminf, X,,. |

Proof All can be verified using the following relationship:
{X1—|—X2 SJI}:Q—{Xl—i—XQ >JI}:Q—UT€Q{X1 >T}Q{X2 >J5—T},

where () is the set of all rational numbers. {X? <z} is empty if z < 0 and is equal to
{(X; <z} —{Xi < vz} X1Xy = {(X; + X5)? — X? — X2} /2 so it is measurable. The
remaining proofs can be seen from the following:

{suan < x} =N, {X, <z}.
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{iann < ZL’} = {sup(—Xn) > —x} .
{lim sup X,, < x} = MreQr>0 Upeq Misn { Xk <z +71}.
liminf X,, = — limsup(—X,,).

n

One important and fundamental fact for measurable function is given in the following propo-
sition.

Proposition 2.6 For any measurable function X > 0, there exists an increasing sequence of
simple functions {X,} such that X, (w) increases to X (w) as n goes to infinity. {

Proof Define
Ry P k+1
Xow)= Y oo € X(W) < =} +nl {X(w) > n}.
k=0

That is, we simply partition the range of X and assign the smallest value within each partition.
Clearly, X, is increasing over n. Moreover, if X (w) < n, then |X,(w) — X(w)| < 55. Thus,
X, (w) converges to X (w). T

This fact can be used to verify the measurability of many functions, for example, if g is a
continuous function from R to R, then g(X) is also measurable.

2.3.2 Integration of measurable function

Now we are ready to define the integration of a measurable function.

Definition 2.4 (i) For any simple function X (w) = """ 2;14,(w), we define > " | z;u(A;) as

the integral of X with respect to measure p, denoted as [ Xdpu.
(ii) For any X > 0, we define [ Xdu as

/ Xdp = sup / Ydu.
Y is simple function, 0 <Y < X

(iii) For general X, let X* = max(X,0) and X~ = max(—X,0). Then X = X* — X~ If one
of [ X*du, [ X~ du is finite, we define [ Xdp= [ Xtdu— [ X du. §

Particularly, we call X is integrable if [|X|du = [ XTdp + [ X~ du is finite. Note the
definition (ii) is consistent with (i) when X itself is a simple function. When the measure space

is a probability measure space and X is a random variable, f Xdyu is also called the expectation
of X, denoted by E[X].
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Proposition 2.7 (i) For two measurable functions X; > 0 and X, > 0, if X; < X,, then
(ii) For X > 0 and any sequence of simple functions Y, increasing to X, [Y,du — [ Xdu. t

Proof (i) For any simple function 0 <Y < X3, Y < X,. Thus, [Ydu < [ Xodu by the
definition of [ Xydu. We take the supreme over all the simple functions less than X; and
obtain [ Xidu < [ Xodp.

(ii) From (i), [ Y,du is increasing and bounded by [ Xdy. It suffices to show that for any simple
function Z = Y7 214, (w), where {A;,1 < i < m} are disjoint measurable sets and x; > 0,
such that 0 < Z < X, it holds

lim/Ynd,u > leu(AZ)
i=1

We consider two cases. First, suppose [ Zdu = Y z;u(4;) is finite thus both z; and p(4;)
are finite. Fix an € > 0, let A;, = A; N{w: Y, (w) > z; — €} . Since Y,, increases to X who
is larger than or equal to z; in A;, A;, increases to A;. Thus p(A;,) increases to u(A;) by
Proposition 2.2. It yields that when n is large,

/ Vadp = Y1 = Ol 40,

We conclude lim,, [Y,du > [ Zdp — €Y ;" p(A4;). Then lim, [Y,du > [ Zdu by letting €
approach 0. Second, suppose de,u = oo then there exists some i from {1,...,m}, say 1, so
that p(A;) = oo or &y = co. Choose any 0 < o < x; and 0 < y < u(A;). Then the set
Ay = A N{w : Y, (w) > x} increases to A;. Thus when n large enough, p(Ay,) > y. We thus
obtain lim,, [ Y,du > zy. By letting x — z7 and y — pu(4,), we conclude lim,, [ Y,du = oc.
Therefore, in either case, lim, [ Y,du > [ Zdu.

Proposition 2.7 implies that, to calculate the integral of a non-negative measurable function
X, we can choose any increasing sequence of simple functions {Y,} and the limit of [ ¥,dpu is
the same as f Xdpu. Particularly, such a sequence can chosen as constructed as Proposition 2.6;

then
n2"—1

1
/Xd,uzlim{ Z 2£n,u(2£n§X<k2in)+n,u(X2n)}.

k=1

Proposition 2.8 (Elementary Properties) Suppose [ Xdu, [Ydp and [ Xdu+ [Ydp exit.

Then
/(X+Y)du:/Xdu+/Ydu, /ch,u:c/Xd,u;

(i)

(ii) X > 0 implies [ Xdp > 0; X > Y implies [ Xdu > [Ydp; and X = Y a.e., that is,
p{w: X(w) # Y(w)}) = 0, implies that [ Xdu = [Ydpu;

(iii) |X| <Y with Y integrable implies that X is integrable; X and Y are integrable implies
that X + Y is integrable.f
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Proposition 2.8 can be proved using the definition. Finally, we give a few facts of computing
integration without proof.

(a) Suppose p* is a counting measure in 2 = {x, xs, ...}. Then for any measurable function

g,
/gdu# = Zg(évz)-

(b) For any continuous function g(z), which is also measurable in the Lebsgue measure space
(R,B,\), [ gdX\is equal to the usual Riemann integral | g(x)dz, whenever g is integrable.

(c) In a Lebsgue-stieljes measure space (2, B, Ar), where F' is differentiable except discontin-
uous points {1, Zs, ...}, the integration of a continuous function g(x) is given by

/ gide = 3 gla) {F(w) — Flaim)} + / o(a)f (),
where f(x) is the derivative of F(z).

2.3.3 Convergence of measurable functions

In this section, we provide some important theorems on how to take limits in the integration.

Theorem 2.2 (Monotone Convergence Theorem) If X,, > 0 and X, increases to X, then
[ Xndp — [ Xdp. 1

Proof Choose non-negative simple function Xy, increasing to X, as m — oo. Define Y,, =
maxg<, Xgn. {Yn} Is an increasing series of simple functions and it satisfies

Xin <Y, < X, so/and,u < /Ynd,u < /Xnd,u.
By letting n — oo, we obtain
X < liernYn < X, /Xkd,u < /liFYndu = h}fl/Yndu < li}ln/Xnd,u,
where the equality holds since Y, is simple function. By letting k& — oo, we obtain
X < li?Yn <X, lilgn/Xkd,u < /1i1:£nYnd,u < lign/Xnd,u.

The result holds. f

Example 2.7 This example shows that the non-negative condition in the above theorem is
necessary: let X,,(z) = —I(z > n)/n be measurable function in the Lebesgue measure space.
Clearly, X, increases to zero but f X, d\ = —o0.
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Theorem 2.3 (Fatou’s Lemma) If X,, > 0 then

/lim inf X,,dp < lim inf/Xndu.

Proof Note
liminf X,, = sﬁp ir;f X,,.
n n=1m=

Thus, the sequence {inf,,>, X,,} increases to liminf,, X,,. By the Monotone Convergence The-
orem,

/limiannd,u = lim/ irif Xonpdp < /Xnd,u.
Take the liminf on both sides and the theorem holds.

The next theorem requires two more definitions.

Definition 2.5 A sequence X,, converges almost everywhere (a.e.) to X, denoted X,, —4.. X,
if X, (w) — X(w) for all w € @ — N where u(N) = 0. If p is a probability, we write a.e. as
a.s. (almost surely). A sequence X,, converges in measure to a measurable function X, denoted
X, —, X, if p(|X,, — X| > € — 0 for all € > 0. If p is a probability measure, we say X,
converges in probability to X. T

The following proposition further justifies the convergence almost everywhere.

Proposition 2.9 Let {X,,}, X be finite measurable functions. Then X,, —,. X if and only if
for any € > 0,
(o) Umsn {| X — X[ > €}) = 0.

If () < oo, then X,, —,.. X if and only if for any € > 0,

p(Umzn {[ X = X[ > €}) = 0.

Proof Note that
c 0 [ee} 1
{05 X(0) = X(0))° = Ui M Unon {051 (0) ~ X1 2 7 |

Thus, if X,, —.,. X, the measure of the left-hand side is zero. However, the right-hand side
contains N, Upysy {| X — X| > €} for any € > 0. The direction = is proved. For the other
direction, we choose € = 1/k for any k, then by countable sub-additivity,

U P51 Ui {02 [Xn() = X1 2 1 )
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< SO U {0+ X = X 2 £ 1) =0

Thus, X,, —4 X. When u(Q) = 1, the latter holds by Proposition 2.2. t

The following proposition describes the relationship between the convergence almost every-
where and the convergence in measure.

Proposition 2.10 Let X, be finite a.e.
(i) If X,, —, X, then there exists a subsequence X,,, —,. X.
(i) If p(?) < o0 and X, —4.. X, then X, —, X. {

Proof (i) For any k, there exists some nj such that
P(|X,, — X|>27%) <27~

Then
Uk {1 X, = X[ > €}) < p(Unzg {[ X, — X[ 2 27F}) <Y 27" =0,
m>k
Thus from the previous proposition, X,,, —4 X.
(i) is direct from the second part of Proposition 2.9. t

Example 2.8 Let Xonyy = I(x € [k/2",(k+1)/2")),0 < k < 2" be measurable functions in
the Lebesgue measure space. Then it is easy to see X,, —, 0 but does not converge to zero
almost everywhere. While, there exists a subsequence converging to zero almost everywhere.

Example 2.9 In Example 2.7, n?X,, —,.. 0 but \(|X,,| > €) — oco. This example shows that
w1(§2) < oo in (ii) of Proposition 2.10 is necessary.
We now state the third important theorem.

Theorem 2.4 (Dominated Convergence Theorem) If |X,| < Y a.e. with Y integrable,
and if X,, —, X (or X,, —,. X), then [|X, — X|dp — 0 and lim [ X,du = [ Xdp. 7

Proof First, assume X,, —,. X. Define Z,, = 2Y — |X,, — X|. Clearly, Z, > 0 and Z,, — 2Y.
By the Fatou’s lemma, we have

/2Yd,u < liminf/(QY — | X, — X|)dp.

That is, limsup, [|X, — X|du < 0 and the result holds. If X,, —, X and the result does
not hold for some subsequence of X,,, by Proposition 2.10, there exits a further sub-sequence
converging to X almost surely. However, the result holds for this further subsequence. We
obtain the contradiction.

The existence of the dominating function Y is necessary, as seen in the counter example in
Example 2.7. Finally, the following result describes the interchange between integral and limit
or derivative.
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Theorem 2.5 (Interchange of Integral and Limit or Derivatives) Suppose that X (w,t)
is measurable for each t € (a,b).

(i) If X(w,t) is a.e. continuous in t at ty and | X (w,t)| < Y(w),a.e. for |t — ty] < § with Y
integrable, then

lim [ X(w,t)dp = /tho

t—to

(i) Suppose %X(w,t} exists for a.e. w, allt € (a,b) and |E (w,t)] <Y (w),a.e. forallt € (a,b)

with Y integrable. Then
0 0
| x = [ =X d
at/ (w, t)dp /at (w, t)dp

Proof (i) follows from the Dominated Convergence Theorem and the subsequence argument.
(ii) can be seen from the following:

0 L X(w,t+h) — X(w,t)
E/X(w’t)d'u_;llli%/ . dj.

Then from the conditions and (i), such a limit can be taken within the integration. {

2.4 Fubini Integration and Radon-Nikodym Derivative

2.4.1 Product of measures and Fubini-Tonelli theorem

Suppose that (9,41, p1) and (Qs, As, p12) are two measure spaces. Now we consider the product
set 21 X Qo = {(w1,ws) : w1 € Q1,wy € Oy}, Correspondingly, we define a class

{Al XAQZAl eAl,Ag EAQ}.

Aj x Ay is called a measurable rectangle set. However, the above class is not a o-field. We thus
construct the o-filed based on this class and denote

.Al X .AQ = U({Al X A2 : Al c Al,AQ € Ag})
To define a measure on this o-field, denoted p; X o, we can first define it on any rectangle set

(1 X p2) (A1 X Az) = p1 (A1) pa(Az).

Then gy X ps is extended to all sets in the A4; x Ay by the Caratheodory Extension theorem.

One simple example is the Lebesgue measure in a multi-dimensional real space R*¥. We let
(R, B, \) be the Lebesgue measure in one-dimensional real space. Then we can use the above
procedure to define A x ... X A as a measure on R*¥ = R x ... x R. Clearly, for each cube in R*,
this measure gives the same value as the volume of the cube. In fact, this measure agrees with
¥ defined in Example 2.3.

With the product measure, we can start to discuss the integration with respect to this
measure. Let X (wi,ws) be the measurable function on the measurable space (€2 x €9, A1 X
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Ao, 111 X p2). The integration of X is denoted as f91x92 X (wy, ws)d(py X pz). In the case when
the measurable space is real space, this integration is simply bivariate integration such like
S f r2 f(x,y)dxdy. As in the calculus, we are often concerned about whether we can integrate
over x first then y or we can integrate y first then z. The following theorem gives the condition
of changing the order of integration.

Theorem 2.6 (Fubini-Tonelli Theorem) Suppose that X : Q; x Oy — R is A} X A
measurable and X > 0. Then

X (wr,ws)dpy is Ay measurable,
951

X (w1, ws)dps is Ay measurable,
Qo

and

/ X (w1, wa)d(puy X pip) = / { X(wl,wz)dﬂz} dpy = / { X(wl,wz)dul} djty.
Q1 x0Qs9 01 Qo Qo Q

As a corollary, suppose X is not necessarily non-negative but we can write X = X+ — X~.
Then the above results hold for Xt and X~. Thus, if fQ1><Qz | X (w1, wo)|d(p1 X p2) is finite,
then the above results hold.

Proof Suppose that we have shown the theorem holds for any indicator function Ip(wi,ws),
where B € A; x A;. We construct a sequence of simple functions, denoted as X, increases to
X. Clearly, fQ n(w1,ws)dpy is measurable and

/ X (w1, wa)d (a1 % pi2) / / n(wi, wo dul}duz-
Q1 xQ9 Qo J

By the monotone convergence theorem, le Xn(wl, wo)dyiy increases to le X (w1, ws)dpy almost
everywhere. Further applying the monotone convergence theorem to both sides of the above
equality, we obtain

/ X(w17w2)d(:u1 X /~L2) = / {X(W17w2)dﬂl} djs.
Q1% Qo J

Similarly,
/ X(wr,wp)d(p1 X pig) = / { X (w1, w2)dpa} dpy.
Q1 xQo Q1 J Qo

It remains to show Ip(wq,ws) satisfies the theorem’s results for B € A; x As.

To this end, we define what is called a monotone class: M is a monotone class if for any
increasing sequence of sets By C By C By ... in the class, U; B; belongs to M. We then let M,
be the minimal monotone class in A; x As containing all the rectangles. The existence of such
minimal class can be proved using the same construction as Proposition 2.3 and noting that
A; x As itself is a monotone class. We show that My = A; x A,.
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(a) My is a field: for A, B € M, it suffices to show that AN B, AN B, A°NB € M,. We
consider

My={BeMy:ANB,ANB°,A°NB € My}.

It is straightforward to see that if A is a rectangle, then B € M4 for any rectangle B and that
M 4 is a monotone class. Thus, M4 = M, for A being a rectangle. For general A, the previous
result implies that all the rectangles are in M 4. Clearly, M 4 is a monotone class. Therefore,
My = M, for any A € M. That is, for A,B € My, ANB,AN B¢, AN B € M,.

(b) My is a o-field. For any By, Bs, ... € My, we can write U; B; as the union of increasing
sets By, B1 U Bs, .... Since each set in the sequence is in M, and M, is a monotone class,
U;B; € Mg. Thus, M, is a o-field so it must be equal to A; x As.

Now we come back to show that for any B € A; x A,, Ip satisfies the equality in Theorem
2.6. To do this, we define a class

{B: B € A; x A, is measurable and I satifies the equality in Theorem 2.6} .

Clearly, the class contains all the rectangles. Second, the class is a monotone class: suppose
By, Bs, ... is an increasing sequence of sets in the class, we apply the monotone convergence

theorem to
/ Ip,d(pey ¥ pz) :/ {/ fBid,ul}duz Z/ {/ fBidM}dM
Q1 xQo Qo (971 1971 Q2

and note Ip, — I, p,. We conclude that U;B; is also in the defined class. Therefore, from the
previous result about the relationship between the monotone class and the o-field, we obtain
that the defined class should be the same as A; x As. T

Example 2.10 Let (Q, 2, u#) be a counting measure space where Q = {1,2,3, ...} and (R, B, \)
be the Lebesgue measure space. Define f(z,y) be a bivariate function in the product of these
two measure space as f(z,y) = I(0 <z < y)exp{—y}. To evaluate the integral f(x,y), we use
the Fubini-Tonelli theorem and obtain

F (e y)d{u# x A} = / { / F (e 9) AN ()}t (z) = / exp{~z}du#(z)

OxR
=> exp{-n}=1/(e—1).

2.4.2 Absolute continuity and Radon-Nikodym derivative

Let (2,.A, 1) be a measurable space and let X be a non-negative measurable function on ).
We define a set function v as

mm:AX@:/umm

for each A € A. It is easy to see that v is also a measure on (£2,.4). X can be regarded as
the derivative of the measure v with respect p (one can think about an example in real space).
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However, one question is the opposite direction: if both p and v are the measures on (£, .A),
can we find a measurable function X such that the above equation holds? To answer this, we
need to introduce the definition of absolute continuity.

Definition 2.6 If for any A € A, u(A) = 0 implies that ¥(A) = 0, then v is said to be
absolutely continuous with respect to u, and we write v << p. Sometimes it is also said that
v is dominated by p. T

One equivalent condition to the above the condition is the following lemma.

Proposition 2.11 Suppose v(f2) < co. Then v << p if and only if for any € > 0, there exists
a 0 such that v(A) < e whenever p(A) < 0. }

Proof “ <" is clear. To prove “ =", we use the contradiction. Suppose there exists € and a
set A, such that v(A,) > € and u(A,) <n2. Since > u(A,) < oo, we have

p(limsup A,) < > p(A,) — 0.

m>n

Thus p(limsup,, A,) = 0. However, v(limsup,, A,) = lim, v(Up>nAy) > limsup, v(A4,) > e It
is a contradiction. f

The following Radon-Nikodym theorem says that if v is dominated by u, then a measurable
function X satisfying the equation exists. Such X is called the Radon-Nikodym derivative of v
with respect p, denoted by dv/dpu.

Theorem 2.7 (Radon-Nikodym theorem) Let (2,4, 1) be a o-finite measure space, and
let v be a measurable on (2, A) with ¥ << u. Then there exists a measurable function X > 0
such that v(A) = [, Xdu for all A € A. X is unique in the sense that if another measurable
function Y also satisfies the equation, then X =Y a.e. }

Before proving Theorem 2.7, we need the following Hahn decomposition theorem for any
additive set function with real values, ¢(A), which is defined on a measurable space (£2,.4) such
that for countable disjoint sets Ay, Ao, ...,

¢(UnAn) = Z Cb(An)

The main difference from the usual measure definition is that ¢(A) can be negative and must
be finite.

Proposition 2.12 (Hahn Decomposition) For any additive set function ¢, there exist dis-
joint sets AT and A~ such that ATUA™ = Q, ¢(E) >0 for any £ C A' and ¢(F) < 0 for any
E C A~. AT is called positive set and A~ is called negative set of ¢. T

Proof Let a = sup{¢(A) : A € A}. Suppose there exists a set A* such that p(A") = a < oco.
Let A= =Q—-A". If EC A" and ¢(F) < 0, then (AT — E) > a—¢(E) > «, an impossibility.
Thus, ¢(F) > 0. Similarly, for any £ C A~, ¢(F) < 0.
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It remains to construct such AT. Choose A, such that ¢(A,) — «. Let A = U, A,. For each
n, we consider all possible intersection of Ay, ..., A,,, denoted by B,, = {B,; : 1 <i < 2"}. Then
the collection of B, is a partition of A. Let C), be the union of those B,; in BB, such that ¢(B,;) >
0. Then ¢(A,) < ¢(C,). Moreover, for any m < n, ¢(C, U...UC,) > ¢(Cp, U...UC,—q). Let
AT =10 Upsp Cp. Then a = lim,, ¢(A4,,) < lim,, ¢(Up>mChn) = ¢(AT). Then ¢(A1) = a. t

We now start to prove Theorem 2.7.

Proof We first show that this holds if () < co. Let = be the class of non-negative functions
g such that [, gdu < v(E). Clearly, 0 € Z. If g and ¢’ are in Z, then

/ max(g, g )du = / gdu +/ g'du < / dv +/ dv =v(FE).
E En{g=g'} En{g<g’} En{g>g'} En{g<g’}

Thus, max(g,¢’) € Z. Moreover, if g, increases to g and g, € Z, then by the monotone
convergence theorem, g € =.

Let a = sup ez J gdp then o < v(£2). Choose g, in E such that [ g,du > o —n~'. Define
fn =max(gi, ..., gn) € = and f,, increases to f € =. We have [ fdu = a.

Define a measure 0 < v (E) = v(E) — [, fdu. We will show that there exists set S, and S,
such that (2 —S,) =0, v,(Q—S5,) =0, and S, NS, = 0. If this is true, then since v << p,
vs(2—S5,) <v(Q—-25,)=0. Thus,

Vvo(B) < vs(EN(Q—8,) + vs(EN(Q—8,)) = 0.

This gives that v(E) = [,, fdu. We prove the previous statement by contradiction. Let A UA;
be a Hahn decomposition for the the set function v, —n~ty and let M = U, AT so M¢ =N, A .
Since vs(M¢) — n=tu(M°) < vy(A;) — n~'u(A;) < 0, we have v, (M) < n~'u(M*¢) — 0.
Then pu(M) must be positive. Therefore, there exists some A = A} such that pu(A4) > 0 and
vs(E) > n'u(F) for any E C A. For such A, we have that for e = 1/n,

/ (f +el)du = / fdu+ en(EN A)
FE FE

Vs A

< [Efdu+ (En A)

< fdu+vs(ENA)+ fdu
ENA E—A

< v(ENA)+ fdu<v(ENA)+v(E—-A) =v(E).
B-A

In other words, f + el4 is in =. However, [(f + ela)dp = a + eu(A) > a. We obtain the
contradiction.

We have proved the theorem for 1(2) < co. If u is countably finite, there exists countable
decomposition of ) into {B,,} such that u(B,) < co. For the measures p,,(A) = u(ANB,) and
vn(A) =v(AN B,), v, << i, so we can find non-negative f,, such that

WANB,) = / Fody.

ANBy
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Then v(A) =3 v(ANB,) = [, >, falp.dp.
The function f satisfying the result must be unique almost everywhere. If two f; ad fo

satisfy that [, fidu = [, fodp then after choosing A = {f; — fo > 0} and A = {f; — fo < 0},
we obtain f; = fo almost everywhere.

Using the Radon-Nikodym derivative, we can transform the integration with respect to the
measure j to the integration with respect to the measure v.

Proposition 2.13 Suppose v and p are o-finite measure defined on a measure space (£2,.4)
with v << p, and suppose Z is a measurable function such that f Zdv is well defined. Then

for any A € A,
/Zdl/ = / Zd—yd,u.
A A du

Proof (i) If Z = Ig where B € A, then

d d
/Zduz V(AN B) :/ ¥ = / 1% du.
A AnB Ap A dp
The result holds.

(ii) If Z > 0, we can find a sequence of simple function Z,, increasing to Z. Clearly, for Z,,,

/anV:/an—Vd,u.
A A dp

Take limits on both sides and apply the monotone convergence theorem. We obtain the result.
(iii) For any Z, we write Z = Z* — Z~. Then both Z* and Z~ are integrable. Thus,

/Zdl/:/Z+dV—/Z_d1/:/ZJF@du—/Z_@du:/Z@du.
du du du

2.4.3 X-induced measure

Let X be a measurable function defined on (€2, A, ). Then for any B € B, since X ' (B) € A,
we can define a set function on all the Borel sets as

Such px is called a measure induced by X. Hence, we obtain a measure in the Borel o-field
(R, B , 1 X)-

Suppose that (R, B, v) is another measure space (often the counting measure or the Lebesgue
measure) and px is dominated by v with the derivative f. Then f is called the density of X
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with respect to the dominating measure v. Furthermore, we obtain that for any measurable
function g from R to R,

[ ax@)du) = [ g@iduste) = [ o) @iiv(a)
) R R
That is, the integration of g(X) on the original measure space 2 can be transformed as the
integration of g(x) on R with respect to the induced-measure px and can be further transformed
as the integration of g(x)f(x) with respect to the dominating measure v.

When (2, A, n) = (2, A, P) is a probability space, the above interpretation has a special
meaning: X is now a random variable then the above equation becomes

menzémwﬂwwu»

We immediately recognize that f(zx) is the density function of X with respect to the dominat-
ing measure v. Particularly, if v is the counting measure, f(z) is in fact the probability mass
function; if v is the Lebesgue measure, f(x) is the probability density function in the usual
sense. This fact has an important implication: any expectations regarding random variable
X can be computed via its probability mass function or density function without referral to
whatever probability measure space X is defined on. This is the reason why in most of statis-
tical framework, we seldom mention the underlying measure space while only give either the
probability mass function or the probability density function.

2.5 Probability Measure

2.5.1 Parallel definitions

Already discussed before, a probability measure space (2,4, P) satisfies that P(Q2) = 1 and
random variable (or random vector in multi-dimensional real space) X is a measurable function
on this space. The integration of X is equivalent to the expectation. The density or the mass
function of X is the Radon-Nikydom derivative of the X-induced measure with respect to the
Lebesgue measure or the counting measure in real space. By using the mass function or density
function, statisticians unconsciously ignore the underlying probability measure space (2,4, P).
However, it is important for readers to keep in mind that whenever a density function or mass
function is referred, we assume that above procedure has been worked out for some probability
space.

Recall that F'(x) = P(X < x) is the cumulative distribution function of X. Clearly, F(z) is
a nondecreasing function with F'(—oo) = 0 and F'(oc0) = 1. Moreover, F(x) is right-continuous,
meaning that F(z,) — F(x), if x, decreases to x. Interestingly, we can show that up, the
Lebesgue-Stieljes measure generated by F, is exactly the same measure as the one induced by
X, i.e., Px.

Since a probability measure space is a special case of general measure space, all the properties
for the general measure space including the monotone convergence theorem, the Fatou’s lemma,
the dominating convergence theorem, and the Fubini-Tonelli theorem apply.
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2.5.2 Conditional expectation and independence

Nevertheless, there are some features only specific to probability measure, which distinguish
probability theory from general measure theory. Two of these important features are conditional
probability and independence. We describe them in the following text.

In a probability measure space (2, A, P), we know the conditional probability of an event
A given another event B is defined as P(A|B) = P(AN B)/P(B) and P(A|B°) = P(AN
B€)/P(B°). This means: if B occurs, then the probability that A occurs is P(A|B); if B does
not occur, then the probability that A occurs if P(A|B¢). Thus, such a conditional distribution
can be thought as a measurable function assigned to the o-field {(), B, B¢,Q}, which is equal

P(A|B)Ig(w) + P(A|B)Ipe(w).

Such a simple example in fact characterizes the essential definition of conditional probability.
Let N be the sub-o-filed of A. For any A € A, the conditional probability of A given N is a
measurable function on (2, R), denoted P(A|R), and satisfies that

(i) P(AIRX) is measurable in X and integrable;

(ii) For any G € N,

/ P(AN)P = P(AN G).

Theorem 2.8 (Existence and Uniqueness of Conditional Probability Function) The
measurable function P(A|R) exists and is unique in the sense that any two functions satisfying
(i) and (ii) are the same almost surely. t

Proof In the probability space (€2, X, P), we define a set function v on N such that v(G) =
P(ANG) for any G € X. It can easily show v is a measure and P(G) = 0 implies that v(G) = 0.
Thus v << P. By the Radon-Nikodym theorem, there exits a X-measurable function X such

that
= / XdP.
G

Thus X satisfies the properties (i) and (ii). Suppose X and Y both are measurable in R and
JoXdP = [,YdP for any G € . That is, [,(X —Y)dP = 0. Particularly, we choose
={X-Y >0} and G = {X —Y < 0}. We then obtain [|X —Y|dP =0. So X =Y, as. {

Some properties of the conditional probability P(-|X) are the following.
Theorem 2.9 P(Q|R) =0, P(2R) =1 a.e. and
0<PAR) <1
for each A € A. if Ay, As, ... is finite or countable sequence of disjoint sets in .4, then

P(UpA,|R) = ZPA\N
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The properties can be verified directly from the definition. Now we define the conditional
expectation of a integrable random variable X given R, denoted E[X|X], as
(i) E[X|N] is measurable in X and integrable;

(ii) For any G € N,
/ EIXNdP = / XdP,
G G

equivalently; F [E[X|RN]Ig] = F[XIg], a.e.
The existence and the uniqueness of E[X|R]| can be shown similar to Theorem 2.8. The
following properties are fundamental.

Theorem 2.10 Suppose X, Y, X,, are integrable.

(i) If X = a a.s., then F[X|X] = a.

(ii) For constants a and b, EjaX + bY |R] = aE[X|R] + b[Y|N].

(iii) If X <Y a.s., then E[X|R] < E[Y|N].

(iv) | E[XN)| < B[X|IN)

(v) If lim, X,, = X a.s., | X,| <Y and Y is integrable, then lim, E[X,|X] = E[X|N].
(vi) If X is measurable in R, then

EIXY|N] = XE[Y|N].
(vii) For two sub-o fields X; and Ry such that Ry C N,
E[E[X|RN]|R;] = E[X|Nq].
(viii) P(AIR) = E[14N]. {
Proof (i)-(iv) be shown directly using the definition. To prove (v), we consider Z,, = sup,,,>,, | Xm—
X|. Then Z,, decreases to 0. From (iii), we have
|E[XaN] = BEIXN]| < E[Z,|R].

On the other hand, E[Z,|X] decreases to a limit Z > 0. The result holds if we can show Z =0
a.s. Note E[Z,|R] < E[2Y|N], by the dominated convergence theorem,

E[Z] = /E[Z|N]dP < /E[an]dpﬁ 0.

Thus Z =0 a.s.
To see (vi) holds, we first show it holds for a simple function X = ) ;15 where B; are
disjoint set in N. For any G € N,

/ (XY |N]dP = /XYdP Zx/

GNB;

YdP = Z x/

E[Y NP = /XE YNd.
GNB;

Hence, E[XY|X] = XE[Y|R]. For any X, using the previous construction, we can find a
sequence of simple functions X,, converging to X and |X,| < |X|. Then we have

/ X,YdP = / X, E[Y|N]dP
G G
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Note that | X, E[Y|R]| = |F[X,Y|R]| < E[|XY]|X]. Taking limits on both sides and from the
dominated convergence theorem, we obtain

/XWW:/XMHWW
G G
Then E[XY|X] = XE[Y|N].

For (vii), for any G € 8y C Ry, it is clear form that

LMMMM:LXM:AMMMM

(viii) is clear from the definition of the conditional probability. f

How can we relate the above conditional probability and conditional expectation given a
sub-o field to the conditional distribution or density of X given Y? In R?, suppose (X,Y)
has joint density function f(x,y) then it is known that the conditional density of X given
Y =y is equal to f(z,y)/ [ f(z,y)dz and the conditional expectation of X given Y = y is
equal to [ xf(z,y)dz/ [ f(x,y)dx. To recover these formulae using the current definition, we
define X = o(Y'), the o-field generated by the class {{Y <y} : y € R}. Then we can define the
conditional probability P(X € B|R) for any B in (R, B). Since P(X € B|X) is measurable in
o(Y), P(X € B|X) = g(B,Y) where g(B,-) is a measurable function. For any {Y <y} € X,

/Y _P(XEBNaP - / Iy < yo)g(B.y) fy (y)dy = P(X € B,Y < yo)

z/jwéyd/f@wﬂwy

Differentiate with respect to yo, we have g(B,y)fy(y) = [, f 5 f(x,y)dz. Thus,

P(X € BX) = / F(aly)da

Thus, we note that the conditional density of X|Y = y is in fact the density function of the
conditional probability P(X € -|X) with respect to the Lebesgue measure.
On the other hand, E[X|X] = g(Y') for some measurable function g(-). Note that

/ I(Y < o) E[X NP = / 1y < yo)g() o (y)dy = EIXT(Y < go)] = / Iy < yo)af (e, y)dady.

We obtain g(y) = [« f(z,y)dz/ [ f(z,y)dz. Then E[X|X] is the same as the conditional ex-
pectation of X given Y = y.

Finally, we give the definition of independence: Two measurable sets or events A; and As
in A are independent ift P(AN B) = P(A)P(B). For two random variables X and Y, X and
Y are said to independent if for any Borel sets By and By, P(X € By,Y € By) = P(X €
By)P(Y € Bs). In terms of conditional expectation, X is independent of Y implies that for
any measurable function g, Flg(X)|Y] = E[g(X)].
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READING MATERIALS: You should read Lehmann and Casella, Sections 1.2 and 1.3. You
may read Lehmann Testing Statistical Hypotheses, Chapter 2.

PROBLEMS

1. Let O be the class of all open sets in R. Show that the Borel o-field B is also a o-field
generated by O, i.e., B=0c(0).

2. Suppose (2, A, 1) is a measure space. For any set C' € A, we define ANC as{ANC: A€ A}.
Show that (2N C, AN C,u) is a measure space (it is called the measure space restricted
to C).

3. Suppose (2, A, 1) is a measure space. We define a new class

A={AUN:Ac Aand N is contained in a set B € A with u(B) = 0}.

Furthermore, we define a set function /i on A: for any AUN € A, i(AUN) = pu(A).
Show (€2, A, i) is a measure space (it is called the completion of (€2, A, u)).

4. Suppose (R, B, P) is a probability measure space. Let F(z) = P((—o0,z]). Show

(a) F(x)is an increasing and right-continuous function with F'(—oo) = 0 and F(c0) = 1.
F is called a distribution function.
(b) if denote pp as the Lebesgue-Stieljes measure generated from F', then P(B) = up(B)

for any B € B. Hint: use the uniqueness of measure extension in the Caratheodory
extension theorem.

Remark: In other words, any probability measure in the Borel o-field can be considered
as a Lebesgue-Stieljes measure generated from some distribution function. Obviously,
a Lebesgue-Stieljes measure generated from some distribution function is a probability
measure. This gives a one-to-one correspondence between probability measures and dis-
tribution functions.

5. Let (R, B, ur) be a measure space, where B is the Borel o-filed and pp is the Lebesgue-
Stieljes measure generated from F(z) = (1 —e *)I(x > 0).

(a) Show that for any interval (a,b], pr((a,b]) = f(a . e *I(x > 0)du(x), where p is the
Lebesgue measure in R.

(b) Use the uniqueness of measure extension in the Carotheodory extension theorem to

show pup(B) = [ze “I(x > 0)du(x) for any B € B.
(c¢) Show that for any measurable function X in (R, B) with X > 0, [ X(z)dpr(x) =
f X(z)e ®I(x > 0)du(x). Hint: use a sequence of simple functions to approximate

(d) Using the above result and the fact that for any Riemann integrable function, its
Riemann integral is the same as its Lebesgue integral, calculate the integration [(1+

e ) Ydup(x).
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6.

10.

11.

12.

13.

14.

If X > 0 is a measurable function on a measure space (€2, A, 1) and [ Xdu = 0, then
pw{w: X(w) >0}) =0.

. Suppose X is a measurable function and [ |X|dp < co. Show that for each e > 0, there

exists a 0 > 0 such that [, | X|du < e whenever p(A) < 6.

Let p be the Borel measure in R and v be the counting measure in the space Q2 =
{1,2,3,...} such that v({n}) = 27" for n = 1,2, 3, .... Define a function f(z,y): RxQ —
Ras f(x,y) = I(y—1 <z < y)x. Show f(x,y) is a measurable function with respect to the
product measure space (R x Q,0(B x 2%), ux v) and calculate [, o f(z,y)d(pxv)(z,y).

I and G are two continuous generalized distribution functions. Use the Fubini-Tonelli
theorem to show that for any a < b,

F(b)G(b) — F(a)G(a) = / FdG + GdF (integration by parts).
(a,b] [a,b]
Hint: consider the equality
/ d(pr X pc) = / I(z > y)d(pr X pe) +/ Iz < y)d(pr X pa),
[a,b] X [a,b] [a,b] x[a,b] [a,b] X [a,b]

where pp and pug are the measures generated by F' and G respectively.

Let 1 be the Borel measure in R. We list all rational numbers in R as rq, 79, .... Define v
as another measure such that for any B € B, v(B) = u(BN[0,1])+ >, 527", Show that
neither v << p nor p << v is true; however, v << p+ v. Calculate the Radon-Nikodym
derivative dv/d(u + v).

X is arandom variable in a probability measure space (€2, 4, P). Let Px be the probability
measure induced by X. Show that for any measurable function g : R — R such that g(X)
is integrable,
[ stx@nare) = [ gla)apxo)
Q R
Hint: first prove it for a simple function g.

X1, ..., X, are i.i.d with Uniform(0,1). Let X,y be max{Xj,..., X,}. Calculate the con-
ditional expectation E[X;|o(X ()], or equivalently, E[X;|X ).

X and Y are two random variables with density functions f(z) and ¢g(y) in R. Define
A=A{z: f(x) >0} and B = {y:g(y) > 0}. Show Px, the measure induced by X, is
dominated by Py, the measured induced by Y, if and only if A\(AN B¢) = 0 (that is,
A is almost contained in B). Here, X is the Lebesgue measure in R. Use this result to
show that the measure induced by Uniform(0,1) random variable is dominated by the
measure induced by N(0,1) random variable but the opposite is not true.

Continue Question 9, Chapter 1. The distribution functions Fy and Fj, are called the
Fréchet bounds. Show that F; and Fy; are singular with respect to Lebesgue measure \?
in [0,1]?; i.e., show that the corresponding probability measure P, and Py satisfy

P((X,Y)cA) =1, X(A) =0
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and
P((X,Y)€ A% =0, N(A%) =1

for some set A (which will be different for P, and Py). This implies that F, and Fy do
not have densities with respect to Lebesgue measure on [0, 1]2.

15. Lehmann and Casella, page 63, problem 2.6
16. Lehmann and Casella, page 64, problem 2.11
17. Lehmann and Casella, page 64, problem 3.1
18. Lehmann and Casella, page 64, problem 3.3

19. Lehmann and Casella, page 64, problem 3.7



CHAPTER 3 LARGE SAMPLE
THEORY

In many probabilistic and statistical problems, we are faced with a sequence of random variables
(vectors), say { X, }, and wish to understand the limit properties of X,,. As one example, let X,
be the number of heads appearing in n independent tossing coins. Interesting questions can be:
what is the limit of the proportion of observing heads, X, /n, when n is large? How accurate
is X,,/n to estimate the probability of observing head in a flipping? Such theory studying the
limit properties of a sequence of random variables (vectors) {X,} is called large sample theory.
In this chapter, we always assume the existence of a probability measure space (€2,.4, P) and
suppose X, X,,,n > 1 are random variables (vectors) defined in this probability space.

3.1 Modes of Convergence in Real Space

3.1.1 Definition

Definition 3.1 X, is said to converge almost surely to X, denoted by X, —,s X, if there
exists a set A C Q such that P(A°) =0 and for each w € A, X,,(w) — X(w). 1

Remark 3.1. Note that
{w: X, (w) = X(w)} = Ueso Ny {w = sup | X (w) — X (w)| > €}

m>n
Then the above definition is equivalent to

P(sup |X,, — X|>¢€) — 0 asn — oc.

m>n

Such an equivalence is also implied in Proposition 2.9.

Definition 3.2 X,, is said to converge in probability to X, denoted by X,, —, X, if for every
e >0,
P(|X,—X|>¢) —0.

Definition 3.3 X, is said to converge in rth mean to X, denote by X,, —, X, if
E[|X, — X|"] =0 as n — oo for functions X,,, X € L,.(P),

42
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where X € L,(P) means E[|X|"] = [|X|"dP < oo. 1

Definition 3.4 X, is said to converge in distribution of X, denoted by X,, —4 X or F,, —4 F
(or L(X,,) — L(X) with L referring to the “law” or “distribution”), if the distribution functions
F, and F of X,, and X satisfy

F,(x) — F(z) as n — oo for each continuity point x of F.

Definition 3.5 A sequence of random variables {X,,} is uniformly integrable if

hm lim sup E[| X,|I(|X,] > )] = 0.

n—oo

3.1.2 Relationship among modes

The following theorem describes the relationship among all the convergence modes.

Theorem 3.1 (A) If X,, —, X, then X,, —, X.

(B) If X,, —, X, then X,, —,, X for some subsequence X, .

) If X,, —, X, then X,, —, X.

) If X,, —, X and |X,|" is uniformly integrable, then X, —, X.

) If X,, —, X and limsup, £|X,|" < E|X]|", then X,, —, X.

) If X,, —, X, then X,, =, X forany 0 <7’/ <r.

) If X,, —, X, then X,, —4 X.

) X, —, X if and only if for every subsequence {X,, } there exists a further subsequence
{X,, .} such that X, | =, X.

(I) If X,, —4 c for a constant ¢, then X,, —, c. T

(C

(D
(E
(F
(G
(H

Remark 3.2 The results of Theorem 3.1 appear to be complicated; however, they can be well
described in Figure 1 below.

Figure 1: Relationship among Modes of Convergence



LARGE SAMPLE THEORY 44
Proof (A) For any € > 0,

P(| X, — X|>e¢€) < P(sup | X,, — X| >¢€) — 0.
m>n
(B) Since for any € > 0, P(|X,, — X| > ¢) — 0, we choose € = 27" then there exists a X,,,, such

that
P(X,,, —X|>2"")<2™™.

Particularly, we can choose n,, to be increasing. For the sequence {X,, }, we note that for any
€ > 0, when n,, is large,

P(:gg X, = X|>€) <) P(X,, —X[>27F) <) 278 0.

k>m k>m

Thus, X,,, —as X.
(C) We use the Markov inequality: for any positive and increasing function g(-) and random
variable Y,

g([Y])

P(Y] > o < B[ 7).

In particular, we choose Y = |X,, — X| and g(y) = |y|". It gives that
|Xn — X‘r

67‘

P(X, — X|>¢) < E] ] — 0.

(D) It is sufficient to show that for any subsequence of {X,,}, there exists a further subsequence
{X,,} such that E|X,, — X|" — 0. For any subsequence of {X,}, from (B), there exists a
further subsequence {X,,} such that X,, —,, X. We will show the result holds for {X,, }.
For any ¢, there exists A such that

limsup E[| X, | I(|X,,|" > A)] <e.

Nk

Particularly, we choose A (only depending on €) such that P(|X|" = A) = 0. Then, it is clear
that | X, ["1(| X5, |" > A) —as. | X|TI(|X|" > A). By the Fatou’s Lemma,

¢l

BIX['I(|X] > \)] = /hm X, " T(1 X, " = NP < liminf E[| X, [T 1(| X" = N)] < €.

Therefore,
El|1 Xy, — X[]
< B[ X, — XI'T(| X0, " <20 | X" < 20)] + E[| Xy, — X" I(| X, |" > 2X or | X]|" > 2))]
< El|X, = XPI(X0, |7 < 20, |X] < 23)]

+

2" EN([ Xy |" + |X)I([ X [" = 24 o1 [ X" > 2X)],

where the last inequality follows from the inequality (z+y)" < 2"(max(z,y))" < 2"(z"+y"), x >
0,y > 0. Note that the first term converges to zero from the dominated convergence theorem.
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Furthermore, when ny, is large, I(|X,, | > 2X\) < I(|X]| > A) and I(|X| > 2)\) < I(| X, | > A)
almost surely. Then the second term is bounded by

25 2 {E[| X0, "I ([ Xa, | 2 V)] + E[[X]"I(|X] = A}
which is smaller than 2"*'e. Thus,

limsup E[| X, — X|"] < 2" e

Let € tend to zero and the result holds.

(E) It is sufficient to show that for any subsequence of {X,,}, there exists a further subsequence
{X,,} such that E[|X,, — X|] — 0. For any subsequence of {X,}, from (B), there exists a
further subsequence {X,, } such that X,, —,s X. Define

Vi, = 21X |7+ IX]) — X, — X]" > 0.

We apply the Fatou’s Lemma to Y,, and obtain that

/lim infY,, dP < lim inf/Ynde.
n

ng
It is equivalent to

2 E(X]) < lim inf {27 E{| X, ["] + 2 B[ X]'] = B[ X0, — XT}-

Thus,
limsup E[| X, — X|"] <2" {liminfEHXnkV] — E[|X|T]} <0.
ng Nk

The result holds.
(F) We need to use the Holder inequality as follows

f(@)g(@)ldp < § [ 1f(2)Pdp(z) v |9 ()| *dp(x) 1/q, Tyloy
R

If we choose = P, f = | X, — X|",g=1and p=r/r',qg =r/(r — ') in the Holder inequality,
we obtain

E[|X, - X|"] < E[|X, — X|"]"/" = 0.
(G) X,, =, X. If z is a continuity point of X, i.e., P(X = z) = 0, then for any € > 0,

PI(X, <2)— I(X <2)] > ¢)

P(I(X,<z)—I(X <) >¢|X —12|>0)

+P(|I(X, <z)—1(X <z)| >¢6|X —2x] <)

PX, <z, X>z+40)+PX,>z, X <z—-0)+P(|X -z <)
P(|X, — X| > )+ P(|X — x| <9).

IN A

The first term converges to zero as n — oo since X,, —, X. The second term can be arbitrarily
small if we choose ¢ is small, since lims_o P(|X — x| < §) = P(X = z) = 0. Thus, we have
shown that I(X, <z) —, I(X <z). From the dominated convergence theorem,

F.(x)=E[I(X, <z)] — E[I(X <z)] = Fx(x).
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Thus, X,, —4 X.

(H) One direction follows from (B). To prove the other direction, we use the contradiction.
Suppose there exists € > 0 such that P(|X,, — X| > ¢€) does not converge to zero. Then we can
find a subsequence {X, } such hat P(|X,, — X| > ¢) > ¢ for some § > 0. However, by the
condition, we can choose a further subsequence X, such that X,» —,, X then X,» —, X
from A. This is a contradiction.

(I) Let X = c. It is clear from the following:

P(|X,—c|>€) <1—-F,(c+e)+F,(c—¢€)—1—Fx(ct+e)+ Fx(c—¢)=0.

s—t, r—s

Remark 3.3 Denote E[|X|"] as p,. Then as proving (F) in Theorem 3.1., we obtain pu~‘u; ~° >
=t where r > s >t > 0. Thus, log p, is convex in r for r > 0. Furthermore, the proof of (F')

Ur . . o
says that p/" is increasing in r.

Remark 3.4 For r > 1, we denote E[|X|"]/" as || X||, (or || X ||z, (p)). Clearly, || X||, > 0 and
the equality holds if and only if X = 0 a.s. For any constant A, || AX ||, = |A|||X||,. Furthermore,
we note that

EIX+Y [ < B[(IX|+YDIX+Y ] < E[IX[TEIX+Y 1+ E[[Y [T B X +Y 7
Then we obtain a triangular inequality (called the Minkowski’s inequality)
X+ Y < [ X[ + Y]]

Therefore, || - ||, in fact is a norm in the linear space {X : || X, < oo}. Such a normed space
is denoted as L,.(P).
The following examples illustrate the results of Theorem 3.1.

Example 3.1 Suppose that X, is degenerate at a point 1/n; i.e., P(X,, =1/n) = 1. Then X,
converges in distribution to zero. Indeed, X, converges almost surely.

Example 3.2 X, X, ... are i.i.d with standard normal distribution. Then X,, —4 X; but X,
does not converge in probability to X;.

Example 3.3 Let Z be a random variable with a uniform distribution in [0,1]. Let X, =
I(m27% < Z < (m + 1)27%) when n = 2¥ + m where 0 < m < 2F. Then X,, converges in
probability to zero but not almost surely. This example is already given in the second chapter.

Example 3.4 Let Z be Uniform(0,1) and let X,, =2"1(0 < Z < 1/n). Then E[|X,|"]] — o0
but X, converges to zero almost surely.

The next theorem describes the necessary and sufficient conditions of convergence in mo-
ments from convergence in probability.

Theorem 3.2 (Vitali’s theorem) Suppose that X,, € L.(P), i.e., [|X,||, < oo, where 0 <
r < oo and X,, —, X. Then the following are equivalent:
(A) {|X,|"} are uniformly integrable.
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(B) X,, —, X.
(C) E[|Xn["] — E[X]"]. 1

Proof (A) = (B) has been shown in proving (D) of Theorem 1.1. To prove (B) = (C), first
from the Fatou’s lemma, we have

liminf E[| X,,|"] > E[|X][].
Second, we apply the Fatou’s lemma to 2"(|X,, — X|" + | X|") — | X,|" > 0 and obtain

B2 X|" — |X|"] < 2" liminf E[| X, — X|'] + 2"E[|X|"] — limsup E[|X,["].

Thus,
limsup E[|X,|"] < E[|X|"] + 2" liminf E[|X,, — X|"].

We conclude that E[|X,|"] — E[|X]"].
To prove (C') = (A), we note that for any A such that P(|X|" = A) = 0, by the dominated
convergence theorem,

limsup BI|X [ 7(1X]" = V)] = lmsup {E[1X, ] = EIX [ T(X, 1" < A} = E[XT(X]" 2 A)

Thus,
/\lim limsup E[| X,|"I(|X,]" > N)] = )\lim limsup F[|X|"I(|X]" > \)] = 0.

From Theorem 3.2, we see that the uniform integrability plays an important role to ensure
the convergence in moments. One sufficient condition to check the uniform integrability of { X, }
is the Liapunov condition: if there exists a positive constant €, such that lim sup,, E[| X, | "] <
oo, then {|X,|"} satisfies the uniform integrability condition. This is because

Bl X, |r]]

B IG0 > 3) < S

3.1.3 Useful integral inequalities

We list some useful inequalities below, some of which have already been used. The first in-
equality is the Holder inequality:

E/W@%MWS{/VWWW@%M{/W@WW@ﬁW,%+%=L

We briefly describe how the Holder inequality is derived. First, the following inequality holds
(Young’s inequality):

p bq
|ab| Sﬂ%—u, a,b >0,
p q
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where the equality holds if and only if a = b. This inequality is clear from its geometric meaning.
In this inequality, we choose a = f(x)/ [ {|f(2)Pdu(z)}"'” and b = g(x)/ [ {|g(x)|%dp(z)}""
and integrate over x on both side. It gives the Holder inequality and the equality holds if and
only if f(x) is proportional to g(x) almost surely. When p = ¢ = 2, the inequality becomes

[ 17@g@ldua {/f Pdpu(x }2{/mw%mw}m,

which is the Cauchy-Schwartz inequality. One implication is that for non-trivial X and Y,
(E[|XY]])? < E[|X]?]E[[Y|?] and that the equality holds if and only if |X| = ¢,|Y| almost
surely for some constant cg.

A second important inequality is the Markov’s inequality, which was used in proving (C) of
Theorem 3.1:

Ely(| X))
P(X| 2 ) < 000

where g > 0 is a increasing function in [0, 00). We can choose different ¢ to obtain many similar
inequalities. The proof of the Markov inequality is direct from the following:

fwn>o=EWwan<mgﬂ)mw J] < mﬁ%ﬁ

If we choose g(z) = 22 and X as X — E[X] in the Markov inequality, we obtain
Var(X)

€2

P(IX - E[X]| > ¢) <

This inequality is the Chebychev’s inequality and gives an upper bound for controlling the tail
probability of X using its variance.

In summary, we have introduced different modes of convergence for random variables and
obtained the relationship among these modes. The same definitions and relationship can be
generalized to random vectors. One additional remark is that since convergence almost surely
or in probability are special definitions of convergence almost everywhere or in measure as given
in the second chapter, all the theorems in Section 2.3.3 including the monotone convergence
theorem, the Fatou’s lemma and the dominated convergence theorem should apply. Conver-
gence in distribution is the only one specific to probability measure. In fact, this model will be
the main interest of the subsequent sections.

3.2 Convergence in Distribution

Among all the convergence modes of {X,,}, convergence in distribution is the weakest conver-
gence. However, this convergence plays an important and sufficient role in statistical inference,
especially when large sample behavior of random variables is of interest. We focus on such
particular convergence in this section.

3.2.1 Portmanteau theorem

The following theorem gives all equivalent conditions to the convergence in distribution for a
sequence of random variables { X, }.
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Theorem 3.3 (Portmanteau Theorem) The following conditions are equivalent.

(a) X,, converges in distribution to X.

(b) For any bounded continuous function g(-), Elg(X,)] — Elg(X)].

(c) For any open set G in R, liminf,, P(X, € G) > P(X € G).

(d) For any closed set F'in R, limsup, P(X,, € F') < P(X € F).

(e) For any Borel set O in R with P(X € 00O) = 0 where 0O is the boundary of O, P(X
0)—P(Xe€0).t

Proof (a) = (b). Without loss of generality, we assume |g(z)| < 1. We choose [—M, M] such
that P(|X| = M) = 0. Since g is continuous in [—M, M], ¢ is uniformly continuous in [—M, M].
Thus for any €, we can partition [—M, M] into finite intervals I; U ... U I,,, such that within
each interval [, max;, g(z) —minj, g(z) < e and X has no mass at all the endpoints of I;, (this
is feasible since X has at most countable points with point masses). Therefore, if choose any
point xy € I, k=1,...,m,

|Elg(Xa)] = Elg(X)]]
Ellg(Xn) (| Xn| > M)] + Ellg(X)[I(|X] > M)]

H Elg(Xa) I(1Xa] < M)] =) glax) P(Xo € It)|
k=1

IA

m

+| Zg(xk)P(Xn €ly) —
k=1 k=1

NE

9(xr) P(X € L)

HEGX)I(X] < M)] =Y gla) P(X € L)

[y

P(|X,| > M)+ P(|X| > M) +2c+ Y _|P(X, € I) — P(X € I).
k=1
Thus, limsup,, |E[g(X,)] — E[g(X)]| < 2P(|X| > M)+ 2¢e. Let M — oo and € — 0. We obtain
(b).

(b) = (c). For any open set GG, we define a function

€

9(w) =1- e+d(z,Ge)’

where d(x,G°) is the minimal distance between x and G°, defined as inf cqe v — y|. Since for
any y € G°,
d(z1,G%) = |w2 — y| < |o1 —y| — |wz — y| < |o1 — 22],

we have d(x1, G%) — d(xq, G°) < |x1 — x3|. Then,
l9(21) = g(w2)] < € Md(x1, G) — d(wy, G)| < €7 |21 — a].

g(x) is continuous and bounded. From (a), E[g(X,)] — E[g(X)]. Note g(z) =0if z ¢ G and
lg(x)| < 1. Thus,
liminf P(X,, € G) > liminf E[g(X,)] — E[g(X)].
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Let € — 0 and we obtain E[g(X)] converges to E[I(X € G)] = P(X € G).
(¢) = (d). This is clear by taking complement of F'.
(d) = (e). For any O with P(X € d0) = 0, we have

limsup P(X,, € O) < limsup P(X, € O) < P(X € O) = P(X € 0),
and
liminf P(X,, € O) > liminf P(X,, € O°) > P(X € O°) = P(X € O).

Here, O and O° are the closure and interior of O respectively.
(e) = (a). It is clear by choosing O = (—o0, z] with P(X € 00) = P(X =x) =0. }

The conditions in Theorem 3.3 are necessary, as seen in the following examples.

Example 3.5 Let g(x) = z, a continuous but unbounded function. Let X, be a random
variable taking value n with probability 1/n and value 0 with probability (1 — 1/n). Then
X, —4 0. However, E[g(X)] =1 - 0. This shows that the boundness of ¢ in condition (b) is
necessary.

Example 3.6 The continuity at boundary in (e) is also necessary: let X,, be degenerate at 1/n
and consider O = {z : x > 0}. Then P(X,, € O) =1 but X,, —4 0.

3.2.2 Continuity theorem

Another way of verifying convergence in distribution of X, is via the convergence of the char-
acteristic functions of X,,, as given in the following theorem. This result is very useful in many
applications.

Theorem 3.4 (Continuity Theorem) Let ¢, and ¢ denote the characteristic functions of

X, and X respectively. Then X, —; X is equivalent to ¢,(t) — ¢(t) for each ¢. T

Proof To prove = direction, from (b) in Theorem 3.1,
On(t) = Ble""] — E[e""] = 6(t).

We thus need to prove < direction. This proof consists of the following steps.
Step 1. We show that for any e, there exists a M such that sup, P(|X,| > M) < e. This
property is called asymptotic tightness of {X,}. To see that, we note that

: / (=000t~ Bl / (1=
— B2 - S5
1 2
> BR(1 = )X > 3)
2

> P(| X, > =).
(1%l > )
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However, the left-hand side of the inequality converges to

)
- / (1 - o(t))dt.

-6

Since ¢(t) is continuous at ¢ = 0, this limit can be smaller than € if we choose § small enough.
Let M = 2. We obtain that when n > Ny, P(|X,| > M) < e. Choose M larger then we can
have P(|Xy| > M) <, for k =1, ..., Ny. Thus,

sup P(|X,| > M) <.

Step 2. We show for any subsequence of {X,,}, there exists a further sub-sequence {X,, } and
the distribution function for X, , denoted by F), , converges to some distribution function.
First, we need the Helly’s Theorem.

Helly’s Selection Theorem For every sequence {F,} of distribution functions, there exists a
subsequence {F,, } and a nondecreasing, right-continuous function F' such that F,, (x) — F(x)
at continuity points x of F'. |

We defer the proof of the Helly’s Selection Theorem to the end of the proof. Thus, from
this theorem, for any subsequence of {X,,}, we can find a further subsequence {X,, } such that
F, () — G(x) for some nondecreasing and right-continuous function G and the continuity
points x of G. However, the Helly’s Selection Theorem does not imply that G is a distribution
function since G(—o00) and G(o0) may not be 0 or 1. But from the tightness of {X,, }, for any
€, we can choose M such that F,, (—M)+ (1 —F,, (M)) = P(]X,| > M) < € and we can always
choose M such that —M and M are continuity points of G. Thus, G(—M) + (1 — G(M)) < e.
Let M — oo and since 0 < G(—M) < G(M) < 1, we conclude that G must be a distribution
function.

Step 3. We conclude that the subsequence {X,, } in Step 2 converges in distribution to X.
Since F),, weakly converges to G(z) and G(z) is a distribution function and ¢,, () converges to
¢(t), ¢(t) must be the characteristic function corresponding to the distribution G(z). From the
uniqueness of the characteristic function in Theorem 1.1 (see the proof below), G(x) is exactly
the distribution of X. Therefore, X,,, —4 X. The theorem has been proved.

We need to prove the Helly’s Selection Theorem: let 71,79, ... be all the rational numbers.
For 71, we choose a subsequence of {F),}, denoted by Fii, Fia, ... such that Fii(ry), Fia(r1), ...
converges. Then for ry, we choose a further subsequence from the above sequence, denote
by Fyy, Fog, ... such that Fy(ry), Fos(rs), ... converges. We continue this for all the rational
numbers. We obtain a matrix of functions as follows:

Fii Fio
Fy Fy

We finally select the diagonal functions, Fi, Fss, .... thus this subsequence converges for all the
rational numbers. We denote their limits as G(r1), G(r2), ... Define G(x) = inf,, ~, G(ry). It is
clear to see that GG is nondecreasing. If x; decreases to x, for any € > 0, we can find r, such that
rs > x and G(x) > G(rs) — €. Then when k is large, G(xp) — e < G(r) — e < G(x) < G(xy).
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That is, limy G(x) = G(x). Thus, G is right-continuous. If z is a continuity point of G, for
any €, we can find two sequence of rational number {r;} and {7y} such that r; decreases to x
and rp increases to . Then after taking limits for the inequality Fy(ry) < Fy(z) < Fy(ry), we
have

G(ryp) < limlinf Fy(x) <limsup Fy(z) < G(rg).
!

Let k — oo then we obtain lim; Fj(z) = G(x).
It remains to prove Theorem 1.1, whose proof is deferred here: after substituting ¢(¢) in to
the integration, we obtain

1 T _—ita _ ,—ith 1 T oo —ita __ ,—ith
— iqﬁ(t)dt — _/ / #elt”ﬁdlf(x}dt
2 J_r 1t 2 J_r ) 1t

1 oo T _it(x—a) _ pit(z—b)
= — / / ¢ - ¢ dtdF(x).
2 J_o J_r it

The interchange of the integrations follows from the Fubini’s theorem. The last part is equal

00 _ T|z—al _: _ T|z—b| _:
[ sy e st
—0 ™ 0 t ™ 0 t

The integrand is bounded by %
1/2)ifx=aorx=01,ifz €
integral converges to

Jo© 2tdt and as T — oo, it converges to 0, if 2 < a or & > b;
(a,b). Therefore, by the dominated convergence theorem, the

F(b=) ~ Fla) + 5 {F() ~ F(-)} + 3 {F(a) ~ F(a—)}.

Since F' is continuous at b and a, the limit is the same as F'(b) — F(a). Furthermore, suppose
that F' has a density function f. Then

Flz) — F(0) = — /OO L™ .

:% oo it

Since \%1_°;.;m o(t)] < ¢(t), according to the interchange between derivative and integration,
we obtain | e
—itx
= — t)dt.
fla) =5 [ ot
t

The above theorem indicates that to prove the weak convergence of a sequence of random
variables, it is sufficient to check the convergence of their characteristic functions. For example,
if X1, ..., X, are i.i.d Bernoulli(p), then the characteristic function of X,, = (X; + ... + X,,)/n is
given by (1 —p+ pe/™)™ converges to a function ¢(t) = e, which is the characteristic function
for a degenerate random variable X = p. Thus X,, converges in distribution to p. Then from
Theorem 3.1, X,, converges in probability to p.

Theorem 3.4 also has a multivariate version when X, and X are k-dimensional random

vectors: X,, —4 X if and only if Elexp{it'X,,}| — Elexp{it'X'}], where t is any k-dimensional
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constant. Since the latter is equivalent to the weak convergence of t'X,, to t'X, we conclude
that the weak convergence of X, to X is equivalent to the weak convergence of t'X,, to t'X
for any t. That is, to study the weak convergence of random vectors, we can reduce to study
the weak convergence of one-dimensional linear combination of the random vectors. This is the
well-known Cramér-Wold’s device:

Theorem 3.5 (The Cramér-Wold device) Random vector X, in RF satisfy X, —q X if
and only #'X,, —4tX in R for all t € RF. 1

3.2.3 Properties of convergence in distribution

Some additional results from convergence in distribution are the following theorems.

Theorem 3.6 (Continuous mapping theorem) Suppose X, —,, X, or X,, —, X, or
X, —q X. Then for any continuous function g(-), g(X,) converges to g(X) almost surely, or
in probability, or in distribution.

Proof If X,, —,, X, then clearly, g(X,) —as g(X). If X,, —, X, then for any subsequence,
there exists a further subsequence X,, —,s X. Thus, ¢(X,,) —as g(X). Then g(X,) —,
g(X) from (H) in Theorem 3.1. To prove that ¢(X,) —4 g(X) when X,, —4 X, we apply (b)
of Theorem 3.3.

Remark 3.5 Theorem 3.6 concludes that ¢(X,,) —4 g(X) if X,, —4 X and g is continuous. In
fact, this result still holds if P(X € C(g)) = 1 where C(g) contains all the continuity points
of g. That is, if ¢g’s discontinuity points take zero probability of X, the continuous mapping
theorem holds.

Theorem 3.7 (Slutsky theorem) Suppose X,, —4 X, Y, —, y and Z,, —, z for some
constant y and z. Then Z,X,, +T,, —4 z2X +y.
Proof We first show that X,, +Y,, —4 X +y. For any € > 0,

PX,+Y, <z)<PX,+Y,<x|Y,—y| <e)+ P(|Y, —y| > ¢

<PX,<zx—y+e)+ P(|Y,—y|>e).

Thus,
limsup Fi, +v, (z) < limsup Fx, (z —y +¢€) < Fx(z —y +e).
On the other hand,
PXn+Y,>2)=PX,+Y,>2,[V, —y| <€)+ P(|Y, —yl > ¢

SPXp>z—y—€¢)+P(|Y,—y[>e).
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Thus,

limsup(l — Fx,1v,(x)) <limsup P(X,, >z —y —¢) <limsup P(X,, > x — y — 2¢)

< (1= Fx(x—y—2e)).
We obtain

Fx(x —y —2¢) < liminf F, 1y, (z) <limsup Fx, +v, () < Fx(x +y +€).

n

Let € — 0 then it holds

Fxiy(z—) < liminf Fx, 1y, (z) < limsup Fx, 1y, (2) < Fxy(2).
Thus, X,, +Y, =4 X +y.
On the other hand, we have

1
P((Z, — 2)X,| > €) < P(|Zy, — 2| > ) + P(|Z, — 2| < €, |X,,| > =).
€

Thus,

1 1
limsup P(|(Z, — 2)X,| > €) < limsup P(|Z, — z| > €*) +limsup P(| X,,| > 2—) — P(|X]| > 2—)
n n n € €

Since € is arbitrary, we conclude that (Z,, —2)X,, —, 0. Clearly 2X,, —, 2X. Hence, Z,X,, —4
zX from the proof in the first half. Again, using the first half’s proof, we obtain Z,X,, +Y, —4
2 X +y.

Remark 3.6 In the proof of Theorem 3.7, if we replace X,, +Y,, by aX, + bY,, we can show
that a X, +0Y,, —4 aX + by by considering different cases of either a or b or both are non-zeros.
Then from Theorem 3.5, (X,,,Y,) —4 (X,y) in R%. By the continuity theorem, we obtain
X,+Y, =4 X +yand X,Y,, —4 Xy. This immediately gives Theorem 3.7.

Both Theorems 3.6 and 3.7 are useful in deriving the convergence of some transformed
random variables, as shown in the following examples.

Example 3.7 Suppose X,, —4 N(0,1). Then by continuous mapping theorem, X2 —; x3.

Example 3.8 This example shows that g can be discontinuous in Theorem 3.6. Let X,, —4 X
with X ~ N(0,1) and g(x) = 1/x. Although g(x) is discontinuous at origin, we can still show
that 1/X,, —4 1/X, the reciprocal of the normal distribution. This is because P(X = 0) = 0.
However, in Example 3.6 where g(z) = I(x > 0), it shows that Theorem 3.6 may not be true
if P(X € C(g)) < 1.

Example 3.9 The condition Y,, —, y, where y is a constant, is necessary. For example, let
X, =X ~Uniform(0,1). Let Y,, = =X so Y,, —y — X, where X is an independent random
variable with the same distribution as X. However X,,+Y,, = 0 does not converge in distribution
to the non-zero random variable X — X.
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Example 3.10 Let X, X5, ... be a random sample from a normal distribution with mean g
and variance o2 > 0, then from the central limit theorem and the law of large number, which
will be given later, we have

Vn(X, — p) —4 N(0,0?), s2=

Thus, from Theorem 3.7, it gives

M sy %N(O,az) = N(0,1).

From the distribution theory, we know the left-hand side has a ¢-distribution with degrees of
freedom (n — 1). Then this result says that in large sample, ¢, ; can be approximated by a
standard normal distribution.

3.2.4 Representation of convergence in distribution

As already seen before, working with convergence in distribution may not be easy, as compared
with convergence almost surely. However, if we can represent convergence in distribution as
convergence almost surely, many arguments can be simplified. The following famous theorem
shows that such a representation does exist.

Theorem 3.8 (Skorohod’s Representation Theorem) Let {X,,} and X be random vari-
ables in a probability space (€2, A, P) and X,, —4 X. Then there exists another probability
space (Q A, P) and a sequence of random variables X,, and X defined on this space such that
X,, and X, have the same distributions, X and X have the same distributions, and moreover,

X —as. X. T

Before proving Theorem 3.8, we define the quantile function corresponding to a distribution
function F(z), denoted by F~1(p), for p € [0, 1],

F~(p) =inf{z : F(x) > p}.
Some properties regarding the quantile function are given in the following proposition.

Proposition 3.1 (a) F~! is left-continuous.

(b) If X has continuous distribution function F, then F(X) ~ Uniform(0,1).

(c) Let & ~ Uniform(0,1) and let X = F~1(¢). Then for all z, {X <z} = {¢ < F(x)}. Thus,
X has distribution function F'. f}

Proof (a) Clearly, F~! is nondecreasing. Suppose p,, increases to p then F~!(p,) increases to
some y < F~1(p). Then F(y) > p, so F(y) > p. Therefore F~'(p) < y by the definition of
F~Y(p). Thus y = F~*(p). F~! is left-continuous.

(b) {X < z} C {F(X) < F(z)}. Thus, F(z) < P(F(X) < F(z)). On the other hand,
{F(X) < F(x)—¢€} C{X <z}. Thus, P(F(X) < F(z)—¢) < F(z). Let ¢ — 0 and we obtain
P(F(X) < F(z)—) < F(z). Then if X is continuous, we have P(F(X) < F(z)) = F(z) so
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F(X) ~Uniform(0,1).
() P(X <2)=P(F () <2)=P{E < F(x) =F(a). {

Proof Using the quantile function, we can construct the proof of Theorem 3.8. Let (Q, A, }3)
be ([0,1], BN [0,1], A), where X is the Borel measure. Define X,, = F.'(€), X = F~1(¢), where
¢ is uniform random variable on (2, A, P). From (c) in the previous proposition, X, has a
distribution F}, which is the same as X,,. It remains to show X'n —as X.

For any t € (0, 1) such that there is at most one value x such that F'(z) =t (it is easy to
see t is the continuous point of F~!), we have that for any z < z, F(z) < t. Thus, when n is
large, F,,(z) <t so F;'(t) > z. We obtain liminf, F;*(t) > 2. Since z is any number less than
x, we have liminf, F;!'(t) > x = F~'(¢t). On the other hand, from F(z + €) > t, we obtain
when n is large enough, F,,(x +¢) >t so F71(t) < x + €. Thus, limsup, F,!(t) <z +e¢. Since
¢ is arbitrary, we obtain limsup,, F,;1(t) < z.

We conclude F;1(t) — F~(t) for any ¢ which is continuous point of F'~'. Thus F, !(t) —
F~1(t) for almost every t € (0,1). That is, X,, —as X. T

This theorem can be useful in a lot of arguments. For example, if X, —; X and one
wishes to show some function of X,,, denote by g(X,), converges in distribution to g(X), then
by ~the representation theorem, we obtain X,, and X and X, —as, X. Thus, if we can show

9(Xn) —as g(X), which is often easy to show, then of course, g(X,) —4 g(X). Since g(X,)
has the same distribution as g(X,) and so are ¢g(X) and g(X), g(X,) —a g(X). Using this
technique, readers should easily prove the continuous mapping theorem. Also see the diagram

in Figure 2.

n—3L ,—_?=> JEY —3 §&)
Skamhodss < N Ma Slls $lla
fopmotim 2 i = & —> 0 9F)

Figure 2: Representation of Convergence in Distribution

Our final remark of this section is that all the results such as the continuous mapping
theorem, the Slutsky theorem and the representation theorem can be in parallel given for the
convergence of random vectors. The proofs for random vectors are based on the Cramé-Wold’s
device.

3.3 Summation of Independent Random Variables

The summation of independent random variables are commonly seen in statistical inference.
Specially, many statistics can be expressed as the summation of i.i.d random variables. Thus,
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this section gives some classical large sample results for this type of statistics, which include
the weak/strong law of large numbers, the central limit theorem, and the Delta method etc.

3.3.1 Preliminary lemma

Proposition 3.2 (Borel-Cantelli Lemma) For any events A,

S s

implies P(A,,i.0.) = P({A,} occurs infinitely often) = 0; or equivalently, P(N, Upsn Ap) =
0. 1

Proof
P(A,,i.0) < P(Upn>nAm) Z P(A,) as n — 00.

m>n

As a result of the proposition, if for a sequence of random variables, {Z,}, and for any ¢ > 0,
Y. P(Z,| > €) < co. Then with probability one, |Z,| > € only occurs finite times. That is,
ZTL H[l.S. 0'

Proposition 3.3 (Second Borel-Cantelli Lemma) For a sequence of independent events
Ay, Ay, 00 P(A,) = oo implies P(Ay,i.0.) =1. 1

Proof Consider the complement of {A,,i.0}. Note

P(UZ) Nz AS) = lim PNy, AS) = lim [ ] (1= P(A,,)) < lim sup exp{— Y _ P(4,)} =0.

m>n m>n

Proposition 3.4 X, X, ..., X,, are i.i.d with finite mean. Define Y,, = X, I(|X,,| < n). Then
Yo P(X,#Y,) <oco.f

Proof Since E[|X|] < 0o

f:P(Xn#Yn)SiPﬂmzn ZnPn<|X|< n+1)) i E[lX]] <
n=1 n=1 n=1 n=t

From the Borel-Cantelli Lemma, P(X,, # Y,,i.0) = 0. That is, for almost every w € 2, when
n is large enough, X, (w) = Y, (w). T
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3.3.2 Law of large numbers

We start to prove the weak and strong law of large numbers.

Theorem 3.9 (Weak Law of Large Number) If X, X;,..., X, are i.i.d with mean p (so
E[|X]] < o0 and p = E[X]), then X,, —, u. 1

Proof Define Y,, = X, I(—n < X,, < n). Let fi, = >_;_, E[Y;]/n. Then by the Chebyshev’s
inequality,

< Var(Y,) < Yoo Var(XpI(|1 X < k;))

P([Yn — fin| > €)

€2 n2e?
Since

Var(Xpl(|Xx| < k) < E[XPI(|Xi| < k)]

E[XEI(1X3| <k, |Xi| > VEe®)] + EIXE(| Xy < k,|X] < VEke?)]
< kE[|XplI(|Xy] > VEe)] + ke,

- Sy EIXIIOX] = VE)] | pn(n+1)

P([Yn — fin| > €)

ne 2n?

Thus, limsup,, P(|Y,, — jin] > €) < €*. We conclude that Y, — fi, —, 0. On the other hand,
fin. — p. We obtain Y,, —, p. This implies that for any subsequence, there is a further
subsequence Y, —.s U Sir_lce X, is eventually the same as Y, for almost every w from
Proposition 3.4, we conclude X, —, p. This implies X,, —, p. §

Theorem 3.10 (Strong Law of Large Number) If X, ..., X, are i.i.d with mean u then
Xn _)(1.5. l’l" —i—

Proof Without loss of generality, we assume X,, > 0 since if this is true, the result also holds
for any X, by X,, = X;f — X .

Similar to Theorem 3.9, it is sufficient to show Y, —,, p, where Y, = X,,I(X,, < n). Note
E[Y,] = E[X11(X; <n)] — uso

> EWi/n— p.

Thus, if we denote S, = > o1 (Y — E[Y%]) and we can show gn/n —a.s. 0, then the result holds.
Note

Var(S,) = Var(Yy) <) E[Y?] < nE[X7I(X; < n)].

k=1 k=1

Then by the Chebyshev’s inequality,
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For any a > 1, let u,, = [a"]. Then

ZP “”|>e

Since for any = > 0, Zu”>x{un}_1 <23 soga/loga @ < Ka™! for some constant K, we

have
Z P un

From the Borel-Cantelli Lemma in Proposition 3.2, gun JUn —q.s. 0.
For any k, we can find u, < k < u,1. Thus, since Xy, X5,... > 0,

1

2
Up €
n=1 " un>X1

X <) < SEXE Y 1)

n

Mg

K
E_QE[XI] < o0,

Sun Unp, Sk Sun+1 Un+1

Up Un41 kT Up4+1 Un

After taking limits in the above, we have

pula < liminf& < limsup% < par.

Since « is arbitrary number larger than 1, let & — 1 and we obtain limj Sy, /k = p. The proof
is completed. T

3.3.3 Central limit theorem

We now consider the central limit theorem. All the proofs can be based on the convergence of
the corresponding characteristic function. The following lemma describes the approximation of
a characteristic function.

Proposition 3.5 Suppose E[|X|™] < oo for some integer m > 0. Then

m k
ox(t) Z%E X" /1t™ — 0, ast — 0.
k=0

Proof We note the following expansion for e®®,

= (itx)* th) itz
- Z k! [ 1],
=1

where 6 € [0,1]. Thus,

ox(0) = 3 U B < BIX IS — 1)l -
k=0
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ast — 0. T

Theorem 3.11 (Central Limit Theorem) If X, ..., X,, are i.i.d with mean y and variance
o? then /n(X, — pu) —q N(0,0?). 1

Proof Denote Y,, = /n(X,, — p). We consider the characteristic function of Y,,.

oy, (1) = {x,-u(t/vVn)}".
Using Proposition 3.5, we have ¢x,_,(t/v/n) =1 — 0?t?/2n + o(1/n). Thus,

242
v (1) = exp{~ T}

The result holds. f

Theorem 3.12 (Multivariate Central Limit Theorem) If X;,..., X, are i.i.d random
vectors in R* with mean p and covariance ¥ = E[(X —p)(X —p)'], then v/n(X,,—pu) —4 N(0, ).
f

Proof Similar to Theorem 3.11, but this time, we consider a multivariate characteristic function
Elexp{iy/nt' (X, — u)}]. Note the result of Proposition 3.5 holds for this multivariate case. {

Theorem 3.13 (Liapunov Central Limit Theorem) Let X, ..., X,,,, be independent ran-
dom variables with u,; = E[X,;] and 02, = Var(X,;). Let p, = D0 fni, 02 = > 0 02,
If

" B[ X — pni]?
Z H ni ,um| ] =0,

3
g
i=1 n

then Y7 (Xni — fini) /0 —a N(0,1). §

We skip the proof of Theorem 3.13 but try to give a proof for the following Theorem 3.14,
for which Theorem 3.13 is a special case.

Theorem 3.14 (Lindeberg-Fell Central Limit Theorem) Let X1, ..., X,,, be independent
random variables with p,, = E[X,;] and 02, = Var(X,;). Let 02 = >  02,. Then both

S (Xni = tni) Jon —a N(0,1) and max {02,/02 : 1 < i <n} — 0if and only if the Lindeberg
condition

1 n
— > Bl X — pinil*1(| Xni — pini > €0,)] — 0, for all € >0
n =1

holds. T
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Proof “ <": We first show that max{c?, /o2 :1 <k <n} — 0.
Uik/ai < EH(Xnk - Nk)/0n|2]
1

1
< S EI( Xk~ puk] 2 €00) (Xt = o)) + €.

n

Thus,

1 n
max{oy,/0,} < = ; Bl| Xk — pk*I(| Xok — pok] = €0,)] + €.
From the Lindeberg condition, we immediately obtain

max{oy,/o,} — 0.

To prove the central limit theorem, we let ¢, (t) be the characteristic function of (X, —
tnk)/0n. We note

o2, t?
| k() — (1 — U—;§)|
i 2 N i
<E | et Xnk—tnk)/on _ Z (@) [ Xk — fink ’ ’
B = I On

[ 2 :
- 0 Xk — i\
<E |I(| Xk — pnk| > €0,)| e Knrtni)/on § : (Z) ( kM k) ‘
=0 J! In

+FE

g! On

2 s .
' S~ (Xt =)’

J=0

From the expansion in proving Proposition 3.5, the inequality |e®® — (1 + itz — t?22/2)| < t22?
so we apply it to the first half on the right-hand side. Additionally, from the Taylor expansion,
let® — (1 + itz — t22%/2)| < |t|?|z|/6 so we apply it to the second half of the right-hand side.
Then, we obtain

2 42
Unkt
Xk — [hn, 2
<E | I(|Xnk = pnk| > €0)t <’“7“’“> ]
On
Xnk_:unkP
E (X0 — | < €0, 3 [ Xk =t
" {(' = k] < o)l
t2 €t30'2
SEE[(XM — fnk) 2 T(| Xk — fnie| > €0)] + % ng‘

Therefore,

t2 n 2 €|t‘3
3 2 BU(1Xok = el = €02) (X = pra)?] + =

a t? o2
ae(t) — (1 — =8| <
> lou(t) ~ (1= 520 <
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This summation goes to zero as n — oo then € — 0.
Since for any complex numbers 7, ..., Z,,, W1, ..., W, with norm at most 1,

|21 Zy = Wi Wi | |2 = Wi,
k=1

we have
n

= t? o, & t? o2,
TLow® - TI0 - 5701 < 3 fout) - (1 - £%2 — 0.
k=1 k=1 n k=1 n
On the other hand, from |e* — 1 — z| < |z[%e/*],

n n

- 252 o2 t2 —t252 lop~
Lo n—Ha—gg»\ < S et 14 202, /207
k=1

k=1 k=1

n

< et?onk/200 4 1 4ot < (maX{Unk/Un})2 ¢ Ptif4— 0.
k=1

We have

n

[TT dui(t) = [T e 77272 — 0.
k=1

k=1

The result thus follows by noticing

n
H —t20 2k/20n_>6—t2/2‘
k=1

“ =" First, we note that from 1 — cosx < 22/2,

£2 2 & 2y
S B Xk (1Ko — o] > €0)] < & - / LY 4Fu(y)

t
— i
205, k=1 2 k=1 Y [ Xnk—Hnk|<eon 20,

<Ly /X 11— cos(ty/on)|dF(y).

k=1 | Xnk—pnk|<eon

where F); is the distribution for X,x — pine. On the other hand, since max{o,x/0,} — 0,
maxy, |¢ni(t) — 1| — 0 uniformly on any finite interval of . Then

1S lognilt) — S (Gurlt —1|<Z|¢nk )~ 1P < max{|6u(t —1|}Z|¢nk )1
k=1

k=1

< max{|dn(t) — 1|}2:t2

Thus,

n

Zlog Dnk(t) = Z(¢nk( ) —1)+o(1).

k=1
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Since Y i_, log ¢nx(t) — —t?/2 uniformly in any finite interval of ¢, we obtain

n

S (1= bu(t) = /24 o(1)

k=1

uniformly in finite interval of ¢. That is,
Z /(1 — cos(ty /o)) dFu(y) = t2/2 + o(1).
k=1

Therefore, for any € and for any |t| < M, when n is large,

o S Bl Xk Pk — ] > €] < Z / 11— cos(ty /o) dFu(y) + ¢

n p—1 Xnk— l"nk|>€0'n

u 2 o Fl| X0k — ton|?
§2§ / ank(y)—i—eg—zE [ X Mk|]+e§2/e2+e.
‘X'nk Hnk ‘>EU7L € _

2
g,
k=1 n

Let t = M = 1/€3 and we obtain the Lindeberg condition.

Remark 3.7 To see how Theorem 3.14 implies the result in Theorem 3.13, we note that

n

1 « 1
) Z EHXnk - :unk|2](|Xnk - :unk| > Egn)] < 353 EHXnk - ,unk|3]'
n ;—q n k=1

We give some examples to show the application of the central limit theorems in statistics.

Example 3.11 This is one example from a simple linear regression. Suppose X; = a+ 3z, +¢;
for j = 1,2, ... where z; are known numbers not all equal and the ¢; are i.i.d with mean zero
and variance o2. We know that the least square estimate for 3 is given by

B = ZXj(Zj - %)/Z(Z]
=0+ Z €j(zj — Zn)/ Z(Za

n

max(z; — Z,)°/ Y (2 — 2.)* = 0.

Jj<n

Assume

j=1

we can show that the Lindeberg condition is satisfied. Thus, we conclude that

\/ﬁ\/zj::l(z — &) (én — ) =4 N(O,O’2).
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Example 3.12 The example is taken from the randomization test for paired comparison. In a
paired study comparing treatment vs control, 2n subjects are grouped into n pairs. For pair, it
is decided at random that one subject receives treatment but not the other. Let (X}, Y;) denote
the values of jth pairs with X; being the result of the treatment. The usual paired t-test is
based on the normality of Z; = X; —Y; which may be invalid in practice. The randomization
test (sometimes called permutation test) avoids this normality assumption, solely based on
the virtue of the randomization that the assignments of the treatment and the control are
independent in the pair, i.e., conditional on |Z;| = z;, Z; = |Z;|sgn(Z;) is independent taking
values £|Z;| with probability 1/2, when treatment and control have no difference. Therefore,
conditional on 21, 2y, ..., the randomization ¢-test, based on the t-statistic v/n — 17, /s, where s>
is 1/ny 7 (Z; - Z,)?, has a discrete distribution on 2" equally likely values. We can simulate
this dlstrlbutlon by the Monte Carlo method easily. Then if this statistic is large, there is strong
evidence that treatment has large value. When n is large, such computation can be intimate,
a better solution is to find an approximation. The Lindeberg-Feller central limit theorem can
be applied if we assume

maxz2/Zz — 0.

i<n

It can be shown that this statistic has an asymptotic normal distribution N (0, 1). The details
can be found in Ferguson, page 29.

Example 3.13 In Ferguson, page 30, an example of applying the central limit theorem is given
for the signed-rank test for paired comparisons. Interested readers can find more details there.

3.3.4 Delta method

In many situation, the statistics are not simply the summation of independent random variables
but a transformation of the latter. In this case, the Delta method can be used to obtain a similar
result to the central limit theorem.

Theorem 3.15 (Delta method) For random vector X and X, in R* | if there exists two
constant a,, and p such that a, (X, —p) —4 X and a,, — oo, then for any function g : R* — R
such that ¢g has a derivative at u, denoted by Vg(u)

an(9(Xn) = g(1)) —a Vg()X.

Proof By the Skorohod representation, we can construct X,, and X such that X,, ~4 X,, and
X ~g X (~q means the same distribution) and a, (X, —) —a.s. X. Then a,(9(Xn)—g(1)) —a.s.
Vg(p)X. We obtain the result.

As a corollary of Theorem 3.15, if /n(X, — ) —q N(0,07), then for any differentiable
function g(-), v/n(g(Xn) — g(1)) —a N(0,g'(1)*0?).
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Example 3.14 Let X, Xy, ... be i.i.d with fourth moment. An estimate of the sample vari-
ance is s2 = (1/n) Y 1, (X; — X,,)®. We can use the Delta method in deriving the asymp-
totic distribution of Si. Denote my, as the kth moment of X; for ¥ < 4. Note that si =

(1/77') Z?:l XZ2 - (Z?:l Xl/n)z and

X my Mo — My M3 — MM
Vi (g, xe) = ()] 2o (0 (o, " 208))
we can apply the Delta method with g(x,y) = y — 2% to obtain

Vn(s2 —Var(Xy)) —a N(0,my — (mg —m3)?).

Example 3.15 Let (X3,Y7),(Xs,Y3),... be i.i.d bivariate samples with finite fourth moment.
One estimate of the correlation among X and Y is

where s, = (1/n) 230, (Xi—X,)(Yi=Ya), s = (1/n) 350, (Xi—X,)? and 57 = (1/n) 320, (Vi—
Y,)?. To derive the large sample distribution of p,, we can first obtain the large sample
2

distribution of (s, s2,s>) using the Delta method as in Example 3.14 then further apply the

Delta method with g(z,y, z) = z/,/yz. We skip the details.

Example 3.16 The example is taken from the Pearson’s Chi-square statistic. Suppose that
one subject falls into K categories with probabilities pq, ..., px, where p; + ... + px = 1. We
actually observe nq, ..., ng subjects in these categories from n = n; + ... + ng i.i.d subjects. The
Pearson’s statistic is defined as

3

K
= Z ;—pk 2 [k,

k=1

which can be treated as Y (observed count — expected count)?/expected count. To obtain the
asymptotic distribution of x?, we note that \/n(n;/n — p1,...,nx/n — px) has an asymptotic
multivariate normal distribution. Then we can apply the Delta method to g(z1,...,2x) =

K
Zi:l xi

3.4 Summation of Non-independent Random Variables

In statistical inference, one will also encounter the summation of non-independent random
variables. Theoretical results of the large sample theory for general non-independent random
variables do not exist but for some summations with special structure, we have the similar
results to the central limit theorem. These special cases include the U-statistics, the rank
statistics, and the martingales.
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3.4.1 U-statistics

We suppose X1, ..., X,, are i.i.d. random variables.

Definition 3.6 A U-statistics associated with h(z1, ..., z,) is defined as
1 -
=~ Zh(Xﬁl,...,Xﬁr),
r (r) B

where the sum is taken over the set of all unordered subsets [ of r different integers chosen
from {1,...,n}. {

One simple example is h(z,y) = zy. Then U, = (n(n — 1)) > izj XiXj. Many examples
of U statistics arise from rank-based statistical inference. If let X(j,..., X(,) be the ordered
random variables of X7, ..., X,,, one can see

U, = E[h(X1, .0, X)X (1, o0y X

Clearly, U, is the summation of non—independent random variables.
If define h(zy,...,z,) as (r!)~! h(Z1, ..., &), then h(xq, ..., z,)
is permutation-symmetric and moreover,

_T Z hﬁla- 767’

T /31< <,B'r

In the last expression, h is called the kernel of the U-statistic U,.
The following theorem says that the limit distribution of U is the same as the limit distri-
bution of a sum of i.i.d random variables. Thus, the central limit theorem can be applied to

U.

Theorem 3.16 Let p = E[h(Xy, ..., X,)]. If E[h(X], ..., X,)?] < oo, then

Va(U, WZE — p|Xi] =, 0.

2

Consequently, \/n(U, — ut) is asymptotically normal with mean zero and variance r o?, where,

with X1, ..., X,, X4, ..., X, i.i.d variables,

0% = Cov(h(X1, Xo, ..., X)), h( X1, X, .., X)),

To prove Theorem 3.16, we need the following lemmas. Let S be a linear space of random
variables with finite second moments that contain the constants; i.e., 1 € § and for any X, Y €
S, aX +bY € S, where a and b are constants. For random variable T', a random variable S is
called the projection of T on S if E[(T — S)?] minimizes E[(T — S)?],S € S.

Proposition 3.6 Let S be a linear space of random variables with finite second moments.
Then S is the projection of 7" on § if and only if S € S and for any S € S, E[(T — S)S| =
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Every two projections of T" onto S are almost surely equal. If the linear space S contains the
constant variable, then E[T] = E[S] and Cov(T — S,S) =0 for every S € S. t

Proof For any S and S in S,
E[(T - 5)Y = E[(T — S)4] + 2E[(T — S)S] + E[(S — 5)?.

Thus, if S satisfies that E[(T — S)S] = 0, then E[(T — 5)% > E[(T — S)?. Thus, S is
the projection of T on §. On the other hand, if S is the projection, for any constant «,
E[(T — S — aS)? is minimized at o = 0. Calculate the derivative at a = 0 and we obtain
E[(T - 5)5] =

If T has two projections S; and Sy, then from the above argument, we have E[(S;—S3)%] = 0.
Thus, S; = S, a.s. If the linear space S contains the constant variable, we choose S = 1. Then

0= E[(T — 5)S] = E[T] — E[S]. Clearly, Cov(T — S, S) = E[(T — S)]—OT

Proposition 3.7 Let S, be linear space of random variables with finite second moments
that contain the constants. Let 7T, be random variables with projections S, on to §,. If
Var(T,)/Var(S,) — 1 then

_T,—E[T,]  S.— E[S,]

Lp = —p 0
VVar(T,)  /Var(S,)

Proof E[Z,] = 0. Note that

Cov(T,, S,)

Var(Z,) =2 — .
(Z0) \/Var War(S,)

Since S, is the projection of T,,, Cov(T,,S,) = Cov(T,, — S,, Sy) + Var(S,) = Var(S,). We
have

Var(S,)
Var(T,)

By the Markov’s inequality, we conclude that Z,, —, 0. }

Var(Z,) = 2(1 — ) — 0.

The above lemma 1mphes that 1f Sy is the summatlon of i.i.d random variables such that

(Sh W)/ Var(S,) —a N ,sois (T,, — E[T,])/+/Var(T,). The limit distribution of

U- statlstlcs is derlved usmg thls lemma.
We now start to prove Theorem 3.16.

Proof Let Xl, . X be random variables with the same distribution as X; and they are
independent of Xl, <.y X,p. Denote U, by S0, E[U — u|X;]. We show that U, is the projection
of U, on the linear space S,, = {g1(X1) + ... + gn(Xn) : Elge(Xk)?] < 00,k =1,...,n}, which
contains the constant variables. Clearly, U, €S8,. For any gr(Xx) € Sy,

E[(U, — Un)ge(Xe)] = E[E[U, — Un| Xi)ge(Xi)] = 0.
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In fact, we can easily see that

n n—1 n
Up=)_ (E;;) Eh(Xy, ..., X1, X;) — pu| Xi] = %ZE[h(f(l, o X1, X)) — ] X
i=1 T i=1

Thus,

n
,,,.2

Var(Uy) = — Y E[(E[W(X1, ... Xoo1, X0) — p Xi])?]

n? 4
=1

2
r ~ ~ ~ ~
== ECOU(E[h(Xl, ceny Xr—lu Xl)‘Xl], E[h(Xl, ceuy Xr—lu Xl)‘le

7,20_2

2 ~ ~
:%Cov(h(Xl,Xg,...,X,,),h(Xl,Xg...,X,,)): .

where we use the equation
Cov(X,Y) = Cov(E[X|Z],E[Y|Z]) + E[Cov(X,Y|Z)].
Furthermore,

)
n
Var(U,) = (T) >N Cov(h(Xp,, ... Xp,), h( X, .., X))
BB
A
- ¥
k=1 8 and (3’ share k components

Cov(h(X1, Xas o Xps Xats oo Xo)s M X1, Xy ooy Xy Xt ooy X)),

n—r

r_k) , we obtain

Since the number of # and ' sharing k& components is equal to (:f) (;)(

< 7! m—rn—r+1)--(n—2r+k+1)
V‘”(U")_I;k!(r—k)! nn—1)--(n—r+1)

xCov(h( X1, Xoy s Xios Xt s Xo), B(X1, Xoy ooy Xios Xt s X))

The dominating term in U, is the first term of order 1/n while the other terms are of order
1/n?. That is,

2
~ ~ 1
Var(U,) = %C’ov(h(Xl,Xg, s X h(X, Ky e X)) + O(5).

We conclude that Var(U,)/Var(U,) — 1. From Proposition 3.7, it holds that

U,—p U,

- —, 0.

VCLT’(Un) Var( ~n)

Theorem 3.16 thus holds.
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Example 3.17 In a bivariate i.i.d sample (X, Y7), (X5, Y3), ..., one statistic of measuring the
agreement is called Kendall’s T-statistic given as

P s S Y =), — X) > 0} - 1

i<j
It can be seen that 7+ 1 is a U-statistic of order 2 with the kernel

21 {(y2 — y1)(zg — 1) > 0}.

Hence, by the above central limit theorem, /n(7, + 1 — 2P((Yy — Y7)(X5 — X;) > 0)) has an
asymptotic normal distribution with mean zero. The asymptotic variance can be computed as
in Theorem 3.16.

3.4.2 Rank statistics

For a sequence of i.i.d random variables X, ..., X,,, we can order them from the smallest to
the largest and denote by X1y < Xy < ... < X(,). The latter is called order statistics of the
original sample. The rank statistics, denoted by Ry, ..., R, are the ranks of X; among X1, ..., X,,.
Thus, if all the X’s are different, X; = X(g,). When there are ties, R; is defined as the average
of all indices such that X; = X(;) (sometimes called midrank). To avoid possible ties, we only
consider the case that X’s have continuous densities.

By name, a rank statistic is any function of the ranks. A linear rank statistic is a rank
statistic of the special form > | a(i, R;) for a given matrix (a(4,7))nxn- If a(i, j) = ¢;a;, then
such statistic with form )" | cag, is called simple linear rank statistic, which will be our
concern in this section. Here, ¢ and a’s are called the coefficients and scores.

Example 3.18 In two independent sample X1, ..., X, and Y7, ....,Y,,, a Wilcoxon statistic is
defined as the summation of all the ranks of the second sample in the pooled data X, ..., X,,,
Yi, ..., Y, ie.,

n+m

Wo= > R

i=n+1

This is a simple linear rank statistic with ¢’s are 0 and 1 for the first sample and the second
sample respectively and the vector a is (1, ...,n+m). There are other choices for rank statistics,
for instance, the van der Waerden statistic Y 70" @~ 1(R;).

For order statistics and rank statistics, there are some useful properties.

Proposition 3.8 Let X, ..., X,, be a random sample from continuous distribution function F
with density f. Then

1. the vectors (X, ..., X(n)) and (R, ..., R,) are independent;
2. the vector (X, ..., X(n)) has density n! [[, f(z;) on the set z; < ... < xy;

3. the variable X(; has density (7_])F(2)""*(1—F(z))"~" f(z); for F the uniform distribution
on [0, 1], it has mean i/(n + 1) and variance i(n — i + 1)/[(n + 1)?*(n + 2)];
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4. the vector (Ry,...,R,) is uniformly distributed on the set of all n! permutations of
1,2,....n

5. for any statistic T and permutation r = (r1,...,7,) of 1,2,....n

ET(Xy, ..., X0)|(Ry, .., Ry) = 7] = E[T(X¢,), - Xr)):

6. for any simple linear rank statistic 7' = > | c;ag,,

BT = nénay, Var(T) = — DRCERND

n—1

The proof of Proposition 3.8 is elementary so we skip. For simple linear rank statistic, a
central limit theorem also exists:

Theorem 3.17 Let T, = > | ¢;ag, such that

I?Sanx|ai — ayl/

Then ( W)/ Var(T,) —4 N(0,1) if and only if for every € > 0,

la; — an|2‘ci - 5n|2

\al | —
ZI { \/ZZ 1 ;= an)? Z?:l(ci — Cn)? g 6} 2?21(%‘ — ap)? Z?:l(ci — Cn)?

(4,5)

— 0.

We can immediately recognize that the last condition is similar to the Lindeberg condition.
The proof can be found in Ferguson, Chapter 12.

Besides of rank statistics, there are other statistics based on ranks. For example, a simple
linear signed rank statistic has the form

Z ap+sign(X
i=1
where R, ..., R}

+ called absolute rank, are the ranks of | X[, ...,|X,|. In a bivariate sample
(X1, Y1), ..., (Xn, Y,), one can define a statistic of the form

n
E aRibSi
=1

for two constant vector (ay, ..., a,) and (bq, ..., b,), where (Ry, ..., R,) and (51, ..., S,) are respec-
tive ranks of (X7, ..., X,,) and (Y7, ..., Y,). Such a statistic is useful for testing independence of
X and Y. Another statistic is based on permutation test, as exemplified in Example 3.12. For
all these statistics, some conditions ensure that the central limit theorem holds.
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3.4.3 Martingales

In this section, we consider the central limit theorem for another type of the sum of non-
independent random variables. These random variables are called martingale.

Definition 3.7 Let {Y,} be a sequence of random variables and F,, be sequence of o-fields
such that 7y C Fy C .... Suppose E[|Y,,|] < co. Then the sequence of pairs {(Y,,, F,)} is called
a martingale if

E[Yn|fn_1] = Yn—la a.s.

{(Y,, Fn)} is a submartingale if
E[Yn|fn_1] 2 Yn—la a.s.
{(Y,, Fn)} is a supmartingale if

E[Yn|fn_1] S Yn—la a.s.

The definition implies that Y7, ..., Y,, are measurable in F,,. Sometimes, we say Y,, is adapted
to F,. One simple example of a martingale is Y,, = X; + ... + X,,, where X, X5, ... are i.i.d
with mean zero, and F,, is the o-filed generated by X7, ..., X,,. This is because

E[Yn|fn_1] - E[Xl + ...+ Xn|X1, ---aXn—l] - Yn—l-

For Y, = X? + ... + X2, one can verify that {(V,,F,)} is a submartingale. In fact, from one
submartingale, one can construct many submartingales as shown in the following lemma.

Proposition 3.9 Let {(Y,,, F,,)} be a martingale. For any measurable and convex function ¢,
{(¢(Y,), Fn)} is a submartingale. t

Proof Clearly, ¢(Y,,) is adapted to F,,. It is sufficient to show

Elp(Yo)|Fna] = d(Ya1).

This follows from the well-known Jensen’s inequality: for any convex function ¢,

Elp(Yu)|lFna] = ¢(EYa|Faa]) = 6(Yn-).

Particularly, the Jensen’s inequality is given in the following lemma.

Proposition 3.10 For any random variable X and any convex measurable function ¢,

E[¢(X)] = ¢(E[X]).



LARGE SAMPLE THEORY 72

Proof We first claim that for any x(, there exists a constant kg such that for any z,

d(x) > ¢(x0) + ko(x — 20).

The line ¢(xg) + ko(z — ) is called the supporting line for ¢(x) at z,. By the convexity, we
have that for any 2’ < vy’ < 2o <y < =,

¢(x0) — o(2) _ oy) — d(x0) _ ¢(x) — (o)

< < .
Ty — X' - Y — Xo - T — Xg

Thus, %ﬁff‘)) is bounded and decreasing as = decreases to zg. Let the limit be kj then

P(z) — ¢(wo) > k‘(—)’_

r — T
Le.,
o(x) > kg (x — x0) + d(20).
Similarly,
¢(2') — dxo) _ oY) — dlwo) _ 0(x) — ¢(20)
-z - y-x; — x—x0

Then %ﬁéxo) is increasing and bounded as z’ increases to xg. Let the limit be k; then

O(a') = ko (2" = o) + P(o).

Clearly, ki > k, . Combining those two inequalities, we obtain
d(x) > d(wo) + ko(z — 70)
for kg = (kg + ko )/2. We choose zg = E[X] then
¢(X) = ¢(E[X]) + ko(X — E[X]).
The Jensen’s inequality holds by taking the expectation on both sides.

If {(Y,, F.)} is a submartingale, we can write

n

Y, = Z(YJ_E[YJLFJ—I])

j=1

+ > B[Y; = Y| Fi]

J=1

= Mn +An7

where Fy is the null o-field and Yy = EY;. Note that {M,,F,)} is a martingale and that
A, is measurable in F,,_;. Thus any submartingale can be written as the summation of a
martingale and a random variable predictable in F,_;. We now state the limit theorems for
the martingales.
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Theorem 3.18 (Martingale Convergence Theorem) Let {(X,,, F,)} be submartingale. If
K =sup, F[|X,|] < oo, then X, —,s X where X is a random variable satisfying E[|X|] < K.

f

The proof needs the maximal inequality for a submartingale and the up-crossing inequality.

Proof We first prove the following maximal inequality: for a > 0,

1
P(max X; > a) < —E[| X,]].
i<n (6%
To see that, we note that

P(max X; > «)

i<n

— ZP(Xl <, ‘-‘;Xi—l < Oé,Xi Z Oé)
i=1

IN

Y EIXi <o, X <o, X; > a) ]
=1

«

1
= — E E[I(Xl < Oé,...,Xi_l < Oé,XZ‘ > Oé)XZ]
«
=1

Since F[X,| X1, ..., Xn_1] > Xpo1, B[ X0 X1, ., Xnoo] > E[X,-1| X4, ..., X;i—2] and so on. We
obtain E[Xn‘Xl, 7X2] Z E[Xi—l-l‘Xla 7X2] Z Xz for i = 1, e, — 1. ThUS,

1 n
Pmax X; > a) < — E ElI(X) <a,..X;o1 <o, X; > a)B[X,| X, ..., Xi]]
=1

i<n (07

1 & 1 1
< EE[X,L;[(Xl < Xin <, Xi > 0)] < —E[X,] < — B[ X,

For any interval [« ] (o < [3), we define a sequence of numbers 71, 79, ... as follows:
71 is the smallest j such that 1 < j <n and X; < a and is n if there is not such j;
Tor, is the smallest j such that 79,1 < j <n and X; > 3, and is n if there is not such j;
Tok+1 is the smallest j such 79, < j < m and X; < a, and is n if there is not such j.
A random variable U, called upcrossings of [a, 3] by Xi,..., X, is the largest i such that
Xr , <a< fB <X, Wethen show that

El[Xn]] + o]
f—a
Let Y, = max{0, X, — a} and § = § — «. It is easy to see Y7, ..., Y, is a submartingale. The 7y

are unchanged if the definitions X; < « is replaced by Y; = 0 and X; > 8 by Y; > 6, and so U
is also the number of upcrossings of [0,6] by Yi,..,Y,. We also obtain

ElU] <

— Yol = Z El(Ye, = Vi) I (241 = ka2, Top = k1))

1<ki1<ko<n
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n—1 n

= Z Z E[I(ror = k1, k1 < k' < 7op41) Yir — Yir—1)]
k1=1k'=2
n—1 n
=Y E[I(rar = k1, ki < K)(1 = I(rapsr < K)) (Yo — Vi)
k1=1k'=2

By the definition, if {71 = i} is measurable in F; for ¢ = 1,...,n, where F; is the o-field
generated by Y7, ...,Y;, then

{ror = j} = U {rr 1 =4,Yi1 <0,..,Y;, <6,Y; >0}

belongs to the o-field F; and {mor = n} = {7, < n — 1}° lies in F,,. Similarly, if {mox = i} € F;
for any i = 1,...,m, so is {1oxs1 = i} € F; for any i = 1,...,n. Thus, by the deduction, we
obtain that for any ¢ = 1,...,n, {7, =i} is in F;. Then,

Ell(ro = ki, k1 < k) (1 = (o1 < K)) (Y — Yir1)]

= E[I(Tgk =k, k< k‘/)(l — ](T2k+1 < k‘/))(E[Yk/|fk1_1] — Yk’—l)] > 0.
We conclude that E[Y,,, ., — Y., ] > 0.

T2k+1 T2k
Since Ty, is strictly increasing and 7, = n,

n

Y, = YTn > YTn - YT1 = Z(Ym - YTk71> = Z (Y;'k - Y;kfl) + Z (Y;—’“ - Y;—kfl)'

k=2 2<k<n,k even 2<k<n,k odd

When k is even, Y, — Y, 1 > 6 and the total number of such k is U. The expectation of the

second half is non-negative. We obtain

E[Y,] > 0E[U]
Thus,
Bi0) < L) < FLE D

With the maximal inequality, we can start to prove the martingale convergence theorem.
Let U,, be the number of upcrossings of [«, 5] by X7, ..., X,,. Then

K + |af
E[U,] < o

Let X* = limsup, X,, and X, = liminf, X,,. If X, < a < 3 < X*, then U, must go to infinity.
Since U, is bounded with probability 1, P(X, < a < f < X*) = 0. Now

{X* < X*} = Ua<6,a,,8 are rational numbcrs{X* <a< 6 < X*}

We obtain P(X, = X*) = 1. That is, X,, converges to their common values X. By the Fatou’s
lemma, E[|X|] <liminf, E[|X,|] < K. X is integrable and finite with probability 1. 1 .

As a corollary of the martingale convergence theorem, we obtain
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Corollary 3.1 If F, is increasing o-field and denote F., as the o-field generated by Uy | F,,
then for any random variable Z with E[|Z]] < oo, it holds

E[Z|F,] —as E|Z]|Fs).

Proof Denote Y,, = E[Z,|F,]. Clearly, Y,, is a martingale adapted to F,,. Moreover, E[|Y,|] <
E[|Z]]. By the martingale convergence theorem, Y;, converges to some random variable Y almost
surely. Clearly, Y is measurable in F,. We then show Y,, is uniformly integrable. Since
Y, < E|[|Z,||F.], we may assume Z is non-negative. For any ¢ > 0, there exists a § such
that E[Z14] < € whenever P(A) < § (since the measure E[Z1,] is absolutely continuous with
respect to the measure P). Note that for a large «, consider the set A = {P(E[Z|F,] > a)}.

Since
P(4) = BI(B[Z|7) > )] < - El2),

we can choose « large enough (independent of n) such that P(A) < 6. Thus, E[ZI(E[Z|F,] >
a)] < e for any n. We conclude E[Z]|F,] is uniformly integrable. With the uniform integrability,
we have that for any A € Fy, lim,, [, Y, dP = [, YdP. Note that [, Y,dP = [, ZdP for n > k.
Thus, [,YdP = [, ZdP = [, E[Z|F]dP. This is true for any A € U2, F, so it is also true
for any A € F. Since Y is measurable in Fi, Y = E[Z|F],a.s. {

Finally, a similar theorem to the Lindeberg-Feller central limit theorem also exists for the
martingales.

Theorem 3.19 (Martingale Central Limit Theorem) Let (Y1, Fn1), (Ya2, Fna), ... be a
martingale. Define X, = Y, — Y, x—1 with Y0 = 0 thus Y, = X,,1 + ... + X,,x. Suppose that

> EIX% | Fopat] —p 0
k

where o is a positive constant and that
> BIXZI(1Xok] 2 ) Fnpa] =5 0
k
for each € > 0. Then

ZXnk —d N(0,0’z).
k

The proof is based on the approximation of the characteristic function and we skip the
details here.
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3.5 Some Notation

In a probability space (€2, A, P), let {X,,} be random variables (random vectors). We introduce
the following notation: X,, = 0,(1) denotes that X,, converges in probability to zero, X,, = O,(1)
denotes that X,, is bounded in probability; i.e.,

]Vl[im limsup P(|X,| > M) = 0.

It is easy to see X,, = O,(1) is equivalent to saying X, is uniformly tight. Furthermore, for
a sequence of random variable {r,}, X,, = 0,(r,) means that | X,|/r, —, 0 and X,, = Op(r,)
means that | X, |/r, is bounded in probability.

There are many rules of calculus with o and O symbols. For instance, some commonly used
formulae are (R, is a deterministic sequence)

0p(1) +0p(1) = 0,(1), Op(1) + Op(1) = Op(1), Op(1)op(1) = 0,(1),
(1+ Op(1>>_1 =1+0,(1), 0p(Ryn) = Rnoy(1), Op(Rn) = RuO,(1),

0p(Op(1)) = 0p(1).
Furthermore, if a real function R(-) satisfies that R(h) = o(|h|?) as h — 0, then R(X,) =
0p(|Xn|?); if R(h) = O(|h|P) as h — 0, then R(X,) = O,(|X,|?). Readers should be able to
prove these results without difficulty.

READING MATERIALS': You should read Lehmann and Casella, Section 1.8, Ferguson, Part
1, Part 2, Part 3 12-15

PROBLEMS

1. (a) If Xq,X5,... are iid N(0,1), then X, /v/2logn —, 1 where X, is the maximum
of X1,..., X,,. Hint: use the following inequality: for any ¢ > 0,

00 —y2(1-6)/2
0 masoPry, o / L ety o 07
Yy

V2r V2r V6

(b) If Xy, Xy, ... are iid Uniform(0,1), derive the limit distribution of n(1 — X ().

2. Suppose that U ~ Uniform(0,1),a > 0, and
Xn = (n®/log(n + 1)) 0o (U).

(a) Show that X, —, 0 and E[X,] — 0.
(b) Can you find a random variable Y with |X,,| <Y for all n with E[Y] < co?
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(c¢) For what values of o does the uniform integrability condition

lim sup E[|X,|I\x,>m] — 0, as M — oo

hold?

3. (a) Show by example that distribution functions having densities can converge in distri-
bution even if the densities do not converge. Hint: Consider f,(z) = 1 + cos2mnx
in [0, 1].

(b) Show by example that distributions with densities can converge in distribution to a
limit that has no density.

(c) Show by example that discrete distributions can converge in distribution to a limit
that has a density.

4. Stirling’s formula. Let S,, = X7+ ...+ X,,, where the X4, ..., X, are independent and each
has the Poisson distribution with parameters 1. Calculate or prove successively:

(a) Calculate the expectation of {(S, —n)/y/n} , the negative part of (S, —n)/y/n.
(b) Show {(S, —n)/v/n} —4 Z~, where Z has a standard normal distribution.

(¢) Show _
S

(d) Use the above results to derive the Stirling’s formula:

n! ~ V2rn"t1/2en,

E

—>E[Z_]

5. This problem gives an alternative way of proving the Slutsky theorem. Let X, —; X
and Y, —, y for some constant y. Assume X, and Y,, are both measurable functions
on the same probability measure space (€2, A, P). Then (X,,Y,) can be considered as a
bivariate random variable into R?.

(a) Show (X,,Y,) —a4 (X,y)". Hint: show the characteristic function of (X,,Y,)" con-
verges using the dominated convergence theorem.

(b) Use the continuous mapping theorem to prove the Slutsky theorem. Hint: first show
Zn X, —q 2X using the function g(z,2) = xz; then show Z,X, +VY, —4 2X +y
using the function g(z,y) = = + v.

6. Suppose that {X,} is a sequence of random variables in a probability measure space.
Show that, if E[g(X,)] — E[g(X)] for all continuous g with bounded support (that is,
g(x) is zero when z is outside a bounded interval), then X,, —4 X. Hint: verify (c) of the
Portmanteau Theorem. Follow the proof for (¢) by considering g(z) = 1 —¢/[e+d(x, G°U
(=M, M)*°)] for any M.

7. Suppose that X7, ..., X, are i.i.d with distribution function G(x). Let M,, = max{ X}, .., X,,}.

(a) If G(z) = (1 —exp{—azx})I(x > 0), what is the limit distribution of M, —a~'logn?
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(b) If
0 if v <1,
G(z) = { 1—az= ifz>1,
where a > 0, what is the limit distribution of n="/*M,,?
(c) If
0 if x <0,
Glxz)= 1—-(1—-2)* if0<z <1,
1 if v >1,

where a > 0, what is the limit distribution of n*/*(M, —1)?

8. (a) Suppose that X, X, ... arei.i.d in R? with distribution giving probability 6, to (1,0),
probability 6, to (0,1), 65 to (0,0) and 64 to (—1, —1) where 6, > 0 for j =1,2,3,4
and 0; + ... + 64 = 1. Find the limiting distribution of v/n(X,, — F[X;]) and describe
the resulting approximation to the distribution of X,,.

(b) Suppose that X, ..., X}, is a sample from the Poisson distribution with parameter
A > 0: P(X; = k) = exp{-MN\/k!, k =0,1,... Let Z, [Z?_l I(X; = 1)]/n.
What is the joint asymptotic distribution of /n((X,, Z,)" — (X, Ae™))? Let p1(>\)
P(X; =1). What is the asymptotic distribution of p; = p;(X,,)? What is the joint
asymptotic distribution of (Z,,, p1) (after centering and rescaling)?

(c¢) If X,, possesses a t-distribution with n degrees of freedom, then X, —4 N(0,1) as
n — 0o. Show this.

9. Suppose that X,, converges in distribution to X. Let ¢,(t) and ¢(t) be the characteristic
functions of X,, and X respectively. We know that ¢, (t) — ¢(t) for each t. The following
procedure shows that if sup,, F[|X,|] < Cy for some constant Cy, the convergence point-
wise of the characteristic functions can be strengthened to the convergence uniformly in
any bounded interval,

sup ¢ (t) — o(t)] — 0

[t|<M
for any constant M. Verify each of the following steps.
(a) Show that E[|X,|] = [;° P(|X,| > t)dt and E[|X|] = [;° P(|X| > t)dt. Hint: write
P(|X,| > t) = E[I(]X,| > t)] then apply the Fubini-Tonelli theorem

(b) Show that P(|X,| > t) — P(]X| > t) almost everywhere (with respect to the
Lebsgue measure). Then apply the Fatou’s lemma to show that E[|.X|] < C.

(c¢) Show that both ¢, (t) and ¢(t) satisfy: for any ¢y, s,
|0 (t1) — dn(t2)] < Colts — o],
[6(t1) — @(t2)] < Colty —tof.

That is, ¢, and ¢ are uniformly continuous.

(d) Show that supe_ps a [@n(t) — ¢(t)| — 0. Hint: first partition [—M, M] into equally
spaced —M =ty < t; < ... < t,, = M; then for ¢t in one of these intervals, say
[tx, ter1], use the inequality

|0n(t) = G| < |n(t) = Dnlte)| + [dn(te) — O(te)] + [D(tk) — S(1)]-
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10. Suppose that X7, ..., X,, are i.i.d from the uniform distribution in [0, 1]. Derive the asymp-

totic distribution of Gini’s mean difference, which is defined as (g)_l YD i i1 Xi — X1

11. Suppose that (Xi,Y7), ..., (X,,Y,) are i.i.d from a bivariate distribution with bounded

fourth moments. Derive the limit distribution of U = (;‘)_1 22V =YXy — X5).
Write the expression in terms of the moments of (X7, Y7).

12. Let Y3,Y5, ... be independent random variables with mean 0 and variance 2. Let X, =
(>"h_, Yi)* — no? and show that {X,} is a martingale.

13. Suppose that X3, ..., X,, are independent N(0,1) random variables, and let ¥; = X? for
i=1,..,n Thus > Y2~ x2.
(a) Show that /n(Y, — 1) —4 N(0,0?) and find o2.
(b) Show that for each r > 0, \/n(Y — 1) —4 N(0,V(r)?) and find V(r)? as a function
of r.
(c) Show that
ViV — (1 - 2/(9n)}
2/9

Does this agree with your result in (b).

—d N(O, 1)

(d) Make normal probability plots to compare the approximations in (a) and (c) (the
transformation in (c) is called the “Wilson-Hilferty” transformation of a x2-random
variable.

14. Suppose that X;, X, ... are i.i.d positive random variables, and define X,, = Yo, Xi/n,
H,=1/{n"'Y"" (1/X))}, and G,, = {I], )_(i}l/" to be the arithmetic, harmonic and
geometric means respectively. We know that X,, —,, E[X;] = p if and only if E[|X;|] is
finite.

(a) Use the strong law of large numbers together with appropriate additional hypotheses
to show that H, —. 1/{E[1/X1]} = h and G,, —, exp{E[log Xi]} = g.

(b) Find the joint limiting distribution of v/n(X,, — u, H, — h,G,, — g). You will need
to impose or assume additional moment conditions to be able to prove this. Specify
these additional assumptions carefully.

(c) Suppose that X; ~ Gamma(r,\) with > 0. Find what values of r are the hypothe-
ses you impose in (c) satisfied? Compute the covariance of the limiting distribution
in (c) as explicitly as you can in this case.

(d) Show that /n(G,/X, — g/u) —a N(0,V?). Compute V explicitly when X; ~
Gamma(r, \) with r satisfying the conditions you found in (d).

15. Suppose that (N1, N2, Noi, Noo) has multinomial distribution with (n,p) where p =
(p11, P12, P21, P22) and Z?Zl 25:1 pij = 1. Thus, N’s can be treated as counts in a 2x
table. The log-odds ratio is defined by

P12P21
P11P22

Y =log
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(a) Suggest an estimator of ¥, say t,.

(b) Show that the estimator you proposed in (a) is asymptotically normal and compute
the asymptotic variance of your estimator. Hint: The vectors of N’s is the sum of n
independent Multinomial(1, p) random vectors {Y;,i = 1,...,n}.

16. Suppose that X; ~ Bernoulli(p;), i = 1,..,n are independent. Show that if
i=1

then ~
Xn — Dn
Vet il - pi)
Give one example {p;} for which the above convergence in distribution holds and another
example for which it fails.

2

17. Suppose that X1, ..., X,, are independent with common mean p but with variances o7, ..., o2

respectively.
(a) Show that X,, —, uif .1 02 = o(n?).

(b) Now suppose that X; = pu + o;¢; where €y, ..., €, are i.i.d with distribution function
F with Ele;] = 0 and var(e;) = 1. Show that if

i<n

n
max o’/ E ol —0
i=1

S22 oIt 2
then with o, =n""> ", 07,

X, —
M .y N(0,1).
Gn
Hence show that if furthermore 62 — o2, then /n(X,, — p) —4 N(0,03).
(c) If o7 = Ai" for some constant A, show that max;<, 07/ >, 07 — 0 but &, has not
limit. In this case, nU="/2(X,, — u) = O,(1).

18. Suppose that X1, ..., X,, are independent with common mean p but with variances o7, ..., o

respectively, the same as the previous question. Consider the estimator of u: Tj,
Yo wniX;, where w = (wp1, ...,wny)) is a vector of weights with > 7" | w,; = 1.

3N

(a) Show that all the estimators T;, have the mean p and the choice of weights minimizing
var(T,) is
opt 1/012

(b) Compute var(T,) when w = w" and show T, —, p if >_1" (1/0?) — oc.

w 1=1,...,n.
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19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.

(c¢) Suppose X; = p + o;¢; where €1, ..., €, are i.i.d with distribution function F' with
Ele;] = 0 and var(e;) = 1. Show that

if max;<,(1/07)/>°7_(1/03) — 0, where w chosen as w".

(d) Compute var(T,)/var(X,) when w = w" in the case 02 = Ar® for r = 0.25,0.5,0.75
and n = 5, 10, 20, 50, 100, co.

Ferguson, page 6 and page 7, problems 1-7

Ferguson, page 11 and page 12, problems 1-8

Ferguson, page 18, problems 1-5

Ferguson, page 23, page 24 and page 25, problems 1-8

Ferguson, page 34 and page 35, problems 1-10

Ferguson, page 42 and page 43, problems 1-6

Ferguson, page 49 and page 50, problems 1-6

Ferguson, page 54 and page 55, problems 1-4

Ferguson, page 60, problems 1-4

Ferguson, page 65 and page 66, problems 1-3

Read Ferguson, pages 87-92 and do problems 3-6

Ferguson, page 100, problems 1-2

Lehmann and Casella, page 75, problems 8.2, 8.3

Lehmann and Casella, page 76, problems 8.8, 8.10, 8.11, 8.12, 8.14, 8.15, 8.16, 8.17 8.18
Lehmann and Casella, page 77, problems 8.19, 8.20, 8.21, 8.22, 8.23, 8.24, 8.25, 8.26



POINT ESTIMATION AND EFFICIENCY 82
CHAPTER 4 POINT ESTIMATION AND EFFICIENCY

The objective of science is to make general conclusions based on observed empirical data or
phenomenon. The differences among different scientific areas are scientific tools implemented
and scientific approaches to derive the decisions. However, they follow a similar procedure as
follows:

(A) a class of mathematical models is proposed to model scientific phenomena or processes;
(B) an estimated model is derived using the empirical data,;

(C) the obtained model is validated using more and new observations; if wrong, go back to (A).
Usually, in (A), the class of mathematical models is proposed based on either past experience
or some physical laws. (B) is the step where all different scientific tools can play by using math-
ematical methods to determine the model. (C) is the step of model validation. Undoubtedly
eac step is important.

In statistical science, (A) corresponds to proposing a class of distribution functions, denoted
by P, to describe the probabilistic mechanisms of data generation. (B) consists of all kinds of
statistical methods to decide which distribution in the class of (A) fits the data best. (C) is
how one can validate or test the goodness of the distribution obtained in (B). Our goal of this
course is mainly on (B), which is called statistical inference step.

One good estimation approach should be able to estimate model parameters with reasonable
accuracy. Such accuracy is characterized by either unbiasedness in finite sample performance or
consistency in large sample performance. Furthermore, by accounting for randomness in data
generation, we also want the estimation to be somewhat robust to intrinsic random mechanism.
This robustness is characterized by the variance of the estimates. Thus, an ideally best estimator
should have no bias and have the smallest variance in any finite sample. Unfortunately, although
such estimators may exist for some models, most of models do not. One compromise is to seek
an estimator which has no bias and has the smallest variance in large sample, i.e., an estimate
which is asymptotically unbiased and efficient. Fortunately, such an estimator exists for most
of models.

In this chapter, we review some commonly-used estimation approaches, with particular
attention to the estimation providing the unbiased and smallest variance estimators if they exist.
The smallest variance for finite sample is characterized by the Cramér-Rao bound (efficiency
bound in finite sample). Such a bound also turns out to be the efficiency bound in large sample,
where we show that the asymptotic variance of any regular estimators in regular models can
not be smaller than this bound.

4.1 Introductory Examples

A model P is a collection of probability distributions for the data we observe. Parameters of
interest are simply some functionals on P, denoted by v(P) for P € P.

Example 4.1 Suppose X is a non-negative random variable.

Case A. Suppose that X ~ Exponential(d),0 > 0; thus py(z) = fe=%*I(x > 0). P consists of
distribution function which are indexed by a finite-dimensional parameter 6. P is a parametric
model. v(pg) = 0 is parameter of interest.

Case B. Suppose P consists of the distribution functions with density py ¢ = fooo Aexp{—Az}dG(N),
where A € R and G is any distribution function. Then P consists of the distribution functions
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which are indexed by both real parameter A and functional parameter G. P is a semiparametric
model. v(pya) = A or G or both can be parameters of interest.

Case C. P consists of all distribution functions in [0,00). P is a nonparametric model.
v(P) = [xdP(z), the mean of the distribution function, can be parameter of interest.

Example 4.2 Suppose that X = (Y, Z) is a random vector on R+ x R4,

Case A. Suppose X ~ Py with Y|Z = z ~ exponential(\e?#) for y > 0. This is a parametric
model with parameter space © = Rt x R

Case B. Suppose X ~ Py with Y|Z = z ~ A(y)e”* exp{—A(y)e’?} where A(y) = S Ay)dy.
This is a semiparametric model, the Cox proportional hazards model for survival analysis, with
parameter space (6, A) € R x {A(y) : My) >0, [;° My)dy = oo}

Case C. Suppose X ~ P on RT x R? where P is completely arbitrary. This is a nonparametric
model.

Example 4.3 Suppose X = (Y, Z) is a random vector in R x R

Case A. Suppose that X = (Y, Z) ~ Py with Y = 0'Z + ¢ where § € R? and € ~ N(0,0?). This
is a parametric model with parameter space (#,0) € R x R*.

Case B. Suppose X = (Y, Z) ~ Py with Y = 0'Z + ¢ where § € R? and € ~ G with density g is
independent of Z. This is a semiparametric model with parameters (6, g).

Case C. Suppose X = (Y, Z) ~ P where P is an arbitrary probability distribution on R x R%.
This is a nonparametric model.

For a given data, there are many reasonable models which can be used to describe data. A
good model is usually preferred if it is compatible with underlying mechanism of data genera-
tion, has as few model assumption as possible, can be presented in simple ways, and inference
is feasible. In other words, a good model should make sense, be flexible and parsimonious, and
be easy for inference.

4.2 Methods of Point Estimation: A Review

There have been a number of estimation methods proposed for many statistical models. How-
ever, some methods may work well from some statistical models but may not work well for
others. In the following sections, we list a few of these methods, along with examples.

4.2.1 Least square estimation

The least square estimation is the most classical estimation method. This method estimates
the parameters by minimizing the summed square distance between the observed quantities
and the expected quantities.

Example 4.4 Suppose n i.i.d observations (Y;, Z;), i = 1,...,n, are generated from the distri-
bution in Example 4.3. To estimate #, one method is to minimize the least square function

n

> (YVi-02)

1=1



POINT ESTIMATION AND EFFICIENCY 84

This gives the least square estimate for 6 as
-z (3 A

It can show that £ [é] = 0. Note that this estimation does not use any distribution function in
€ so applies to all three cases.

4.2.2 Uniformly minimal variance and unbiased estimation

Sometimes, one seeks an estimate which is unbiased for parameters of interest. Furthermore,
one wants such an estimate to have the least variation. If such an estimator exists, we call it
the uniformly minimal variance and unbiased estimator (UMVUE) (an estimator 7" is unbiased
for the parameter 6 if F[T] = 6). It should be noted that such an estimator may not exist.

The UMVUE often exists for distributions in the exponential family, whose probability
density functions are of form

po(x) = h(x)e(0) exp{m (0)T1(x) + ..ns(O)Ts(x)},

where § € R? and T'(z) = (Ty(z), ..., Ty(z)) is the s-dimensional statistics. The following lemma
describes how one can find a UMVUE for § from an unbiased estimator.

Definition 4.1 T'(X) is called a sufficient statistic for X ~ py with respect to 6 if the conditional
distribution of X given T'(X) is independent of 6. T'(X) is a complete statistic with respect to
g if for any measurable function g, Ey[g(7'(X))] = 0 for any ¢ implies g = 0, where E, denotes
the expectation under the density function with parameter 6. t

It is easy to check that T'(X) is sufficient if and only if py(x) can be factorized into
go(T(x))h(x). Thus, in the exponential family, T'(X) = (T1(X),...,T5(X)) is sufficient. Ad-
ditionally, if the exponential family is of full-rank (i.e., {(71(6), ...,778( )) : 8 € O} contains a
cube in s-dimensional space), T'(X) is also a complete statistic. The proof can be referred to
Theorem 6.22 in Lehmann and Casella (1998).

Proposition 4.1 Suppose 6(X) is an unbiased estimator for ¢; i.e., EO(X)]=0. HT(X)is a
sufficient statistics of X, then E[(X)|T(X)] is unbiased and moreover,

),

Var(E[O(X)|T(X)]) < Var(6(X)
with the equality if and only if with probability 1, §(X) = E[0(X)|T(X)]. 1

Proof £ ( )|77] is clearly unbiased and moreover, by the Jensen’s inequality,
Var(E[0(X)|T]) = E[(E[0(X)|T])’] = E0(X)]* < E[0(X)*] = 0 = Var(0(X)).
The equality holds if and only if E[#(X)|T] = 0(X) with probability 1.

Proposition 4.2 If T(X) is complete sufficient and 6(X) is unbiased, then E[0(X)|T(X)] is
the unique UMVUE for 6.
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Proof For any unbiased estimator for 6, denoted by T(X ), we obtain from Proposition 4.1 that
E[T(X)|T(X)] is unbiased and

Var(E[T(X)|T(X)]) < Var(T(X)).

Since E[E[T(X)|T(X)] — E[0(X)|T(X)]] = 0 and E[T(X)|T(X)] and E[f(X)|T(X)] are inde-
pendent of #, the completeness of T'(X) gives that

E[T(X)|T(X)] = E[B(X)|T(X)).

That is, Var(E[0(X)|T(X)]) < Var(T(X)). Thus, E[0(X)|T(X)] is the UMVUE. The above
arguments also show that such a UMVUE is unique.

Proposition 4.2 suggests two ways to derive the UMVUE in the presence of a complete
sufficient statistic 7(X): one way is to find an unbiased estimator of 6 then calculate the
conditional expectation of this unbiased estimator given T'(X); another way is to directly find
a function ¢g(7'(X)) such that Eg(T(X))] = 6. The following example describes these two
methods.

Example 4.5 Suppose Xj, ..., X,, are i.i.d according to the uniform distribution U(0, #) and we
wish to obtain a UMVUE of 6/2. From the joint density of Xj, ..., X,, given by
1
9"

one can easily show X, is complete and sufficient for §. Note E[X;] = 6/2. Thus, a UMVUE
for 6/2 is given by

(X < O)I(X) > 0),

n+1 (n)
n 2
The other way is to directly find a function g(X,)) = 6/2 by noting

E[X1|X@w)] =

Blo(Xo)] = 5z | ataina™ e =02

Thus, we have
9n+1

on

0
/ g(x)x" tdx =
0

We differentiate both sides with respect to 6 and obtain g(z) = "Tﬂg Hence, we again obtain
the UMVUE for 6/2 is equal to (n + 1)X,)/2n.

Many more examples of the UMVUE can be found in Chapter 2 of Lehmann and Casella
(1998).

4.2.3 Robust estimation

In some regression problems, one may be concerned about outliers. For example, in a simple
linear regression, an extreme outlier may affect the fitted line greatly. One estimation approach
called robust estimation approach is to propose an estimator which is little influenced by extreme
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observations. Often, for n i.i.d observations Xji, ..., X,,, the robust estimation approach is to
minimize an objective function with the form ., ¢(X;;6).

Example 4.6 In linear regression, a model for (Y, X) is given by
Y =0'X +e,

where € has mean zero. One robust estimator is to minimize

i Y, — 0 X,
=1

and the obtained estimator is called the least absolute deviation estimator. A more general
objective function is to minimize

> oY —0X)),
=1

where ¢(x) = |z|*, |2| < C and ¢(z) = C* when |z| > C.

4.2.4 Estimating functions

In recent statistical inference, more and more estimators are based on estimating functions. The
use of estimating functions has been extensively seen in semiparametric model. An estimating
function for € is a measurable function f(X;6) with E[f(X;6)] = 0 or approximating zero.
Then an estimator for 6 using n i.i.d observations can be constructed by solving the estimating
equation

> f(Xi0)=0.
i=1

The estimating function is useful, especially when there are other parameters in the model but
only 6 is parameters of interest.

Example 4.7 We still consider the linear regression example. We can see that for any function
W(X), E[XW(X)(Y —0'X)] = 0. Thus an estimating equation for § can be constructed as

> XW(X) (Y- 0'X;) =0.
i=1

Example 4.8 Still in the regression example but we now assume the median of € is zero. It
is easy to see that E[XW (X)sgn(Y — 6'X)] = 0. Then an estimating equation for # can be
constructed as

> XiW(X)sgn(Y; — 0X;) = 0.
i=1
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4.2.5 Maximum likelihood estimation

The most commonly used method, at least in parametric models, is the maximum likelihood
estimation method: If n i.i.d observations X1, ..., X,, are generated from a distribution function
with densities pp(z), then it is reasonable to believe that the best value for 6 should be the one
maximizing the observed likelihood function, which is defined as

Ln(0) = HPQ(XZ‘)'

The obtained estimator 6 is called the maximum likelihood estimator for . Many nice properties
are possessed by the maximum likelihood estimators and we will particularly investigate this
issue in next chapter. Recent development has also seen the implementation of the maximum
likelihood estimation in semiparametric models and nonparametric models.

Example 4.9 Suppose X1, ..., X,, are i.i.d. observations from exp(f). Then the likelihood
function for 6 is equal to

L,(0) =0"exp{—0(X; + ...+ X,,) }.
The maximum likelihood estimator for 6 is given by 6=X,.

Example 4.10 The setting is Case B of Example 1.2. Suppose (Y1, Z1), ..., (Y, Z,) are i.i.d
with the density function A(y)e?# exp{—A(y)e?*}g(2), where g(z) is the known density function
of Z = z. Then the likelihood function for the parameters (6, \) is given by

n

La(0,3) = TT{A 0" % exp{-A(Y)e" #1g(Z) }

i=1

It turns out that the maximum likelihood estimators for (6, A) do not exist. One way is to let A
be a step function with jumps at Y, ..., Y, and let A(Y;) be the jump size, denoted as p;. Then
the likelihood function becomes

Ln(97p17 7pn) = H piEGIZi eXp{_ Z ijGIZi}g(Zi)
1=1 Y;<Y;

The maximum likelihood estimators for (6, p1, ..., p,) are given as: 0 solves the equation

n L0 Z;
Zyjzyi Zje’ %
> %
i=1

B 07,
ZszYz— e

1 =0

and
1

Di = Z 69/Zj .
Y2
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4.2.6 Bayesian estimation

In this estimation approach, the parameter 6 in the model distributions {pg(z)} is treated as
a random variable with some prior distribution 7(#). The estimator for @ is defined as a value
depending on the data and minimizing the expected loss function or the maximal loss function,
where the loss function is denoted as [(6, 0(X)). The usual loss function includes the quadratic
loss (—60(X))?, the absolute loss |6 —0(X)| etc. It often turns out that #(X) can be determined
from the posterior distribution of P(0|X) = P(X|0)P(0)/P(X).

Example 4.11 Suppose X ~ N(6,1), where 6 has an improper prior distribution of being
uniform in (—o0, 00). It is clear that the estimator 6(X), minimizing the quadratic loss E[(0 —
0(X))?], is the posterior mean E[f|X]| = X.

4.2.7 Concluding remarks

We have reviewed a few methods which are seen in many statistical problems. However we have
not exhausted all estimation approaches. Other estimation methods include the conditional
likelihood estimation, the profile likelihood estimation, the partial likelihood estimation, the
empirical Bayesian estimation, the minimax estimation, the rank estimation, L-estimation and
etc.

With a number of estimators, one natural question is to decide which estimator is the best
choice. The first criteria is that the estimator must be unbiased or at least consistent with the
true parameter. Such a property is called the first order efficiency. In order to make a precise
estimation, we may also want the estimator to have as small variance as possible. The issue
then becomes the second order efficiency, which we will discuss in the next section.

4.3 Cramér-Rao Bounds for Parametric Models

4.3.1 Information bound in one-dimensional model

First, we assume the model is one-dimensional parametric model P = {FPy : 0 € O} with © C R.
We assume:

A. X ~ Pyon (2, A4) with 6 € ©.

B. pg = dPp/dy exists where 1 is a o-finite dominating measure.

C. T(X) = T estimates q(0) has Ep[|T(X)]] < oo; set b(0) = Ey[T] — q(0).

D. ¢'(0) = () exists.

Theorem 4.1 (Information bound or Cramér-Rao Inequality) Suppose:

(C1) © is an open subset of the real line.

(C2) There exists a set B with u(B) = 0 such that for x € B¢, Opg(z)/00 exists for all 6.
Moreover, A = {x : pg(z) = 0} does not depend on 6.

(C3) 1(A) = Ey[lp(X)?] > 0 where lg(z) = dlogpe(x)/dh. Here, I() is the called the Fisher
information for 6 and Iy is called the score function for 6.

(C4) [ po(z)du(x) and [ T(x)py(x)du(x) can both be differentiated with respect to 6 under the

integral sign.
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(C5) [ po(x)dp(z) can be differentiated twice under the integral sign.
If (C1)-(C4) hold, then

{d(0) + ()}
Var(T(X)) 2 S5

and the lower bound is equal to ¢(8)?/1(0) if T is unbiased. Equality holds for all 8 if and only
if for some function A(f), we have

io() = AONT(x) - E[T(X)]}, ae.p.

If, in addition, (C5) holds, then

2

10) = ~E0 { o m () } = ~Ella(X)]

Proof Note

q@+M@=/ﬁ@mmwmm=/ T()ps () du(2).

AenBe

Thus from (C2) can (C4),

WHM@z/ T ()l () po () dp(x) = Eo[T(X)ip(X)].

AenB¢

On the other hand, since [,. . po(x)du(z) = 1,

0= [ ie)m(a)dula) = Ealis(X)]
AcnBe

Then . '
q(8) +b(8) = Cov(T(X), ly(X)).

By the Cauchy-Schwartz inequality, we obtain

14(0) + ()] < Var(T(X))Var(iy(X)).
The equality holds if and only if

lo(X) = A@O) {T(X) = Eg[T(X)]} . a.s.

Finally, if (C5) holds, we further differentiate

o:/%@W%WW@)

and obtain

o:/%mmmwmm+/%uﬂmmwu>

Thus, we obtain the equality 1(0) = —Ey[lp(X)]. 1
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Theorem 4.1 implies that the variance of any unbiased estimator has a lower bound ¢(8)?/1(6),
which is intrinsic to the parametric model. Especially, if ¢(6) = 6, then the lower bound for the
variance of unbiased estimator for # is the inverse of the information. The following examples
calculate this bound for some parametric models.

Example 4.12 Suppose X7, ..., X,, are i.i.d Poisson(f). The density function for (X1, ..., X,,)
is given by

po(X1, ..., X)) = —nb +nX, log — Zlog(X,-!).
i=1
Thus,

n —

lo(X1, s X) = 2 (X = ).

It is direct to check all the regularity conditions of Theorem 3.1 are satisfied. Then I,,(0) =
n?/0*Var(X,) = n/f. The Carmér-Rao bound for 6 is equal to #/n. On the other hand, we
note X,, is an unbiased estimator of . Moreover, since X,, is the complete statistic for . X,
is indeed the UMVUE of . Note Var(X,) = 6/n. We conclude that X,, attains the lower
bound. However, although T, = X2 — n~1X,, is unbiased for §? and it is UMVUE of 6%, we
find Var(T,) = 460°/n + 26?/n* > the Cramér-Rao lower bound for #2. In other words, some
UMVUE attains the lower bound but some do not.

Example 4.13 Suppose X1, ..., X,, are i.i.d with density pg(z) = g(z — 0) where g is known
density. This family is the one-dimensional location model. Assume ¢ exists and the regularity
conditions in Theorem 4.1 are satisfied. Then

X0 g
L) =Bl g 1= [ 4y

Note the information does not depend on 6.

Example 4.14 Suppose Xi, ..., X,, are i.i.d with density py(x) = g(x/0)/0 where g is a known
density function. This model is one-dimensional scale model with the common shape g. It is
direct to calculate

1,(0) = % /(1 +y£;,((§)))29(y)dy

4.3.2 Information bound in multi-dimensional model

We can extend Theorem 4.1 to the case in which the model is k-dimensional parametric family:
P ={Py: 0 € © C RF}. Similar to Assumptions A-C, we assume P has density function
pe With respect to some o-finite dominating measure p; 7'(X) is an estimator for ¢(f) with
Ey[|T(X)|] < oo and b(#) = Ep[T'(X)] — q(0 is the bias of T'(X); ¢(6) = Vq(0) exists.

Theorem 4.2 (Information inequality) Suppose that
(M1) © an open subset in R*.
(M2) There exists a set B with u(B) = 0 such that for z € B¢, Opg(z)/00; exists for all § and
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i=1,...k Theset A= {x:py(r) =0} does no depend on 6.
(M3) The k x k matrix 1(0) = (1;;(6)) = Ep[lo(X)lp(X)'] > 0 is a positive definite where

in(2) = - log al)

Here, 1(0) is called the Fisher information matrix for  and [y is called the score for 6.

(M4) [ pp(x)du(x) and [ T(x)pe(x)dp(z) can both be differentiated with respect to 6 under
the integral sign

(M5) [ pe(x)du(x) can be differentiated twice with respect to 6 under the integral sign.

If (M1)-(M4) holds, than

Varg(T(X)) = (4(6) + b(8))'I~(6)(d(6) + b(®))

and this lower bound is equal ¢(6)'1(6)~*¢(0) if T(X) is unbiased. If, in addition, (M5) holds,

then
2

10) = —Eullan (X)) = (B {89% oe(X)} ).

Proof Under (M1)-(M4), we have
i(6) + b(6) = / T ()l () po ) dp(x) = Bo[T(2)ip(X)].

On the other hand, from [ py(x)du(z) = 1, 0 = Ey[lp(X)]. Thus,

1(0)”
= [E[T(X)(4(0) + b(0)) (9) 1le(X)]l
= |Covg(T(X), (4(6) +b(8))'1(6) " 1p(X))]
1(0)~1(

< \Var(T(X))(@(0) + 0)/1(6)(4(6) + b(6).

We obtain the information inequality. In addition, if (M5) holds, we further differentiate
[ lo(z)pe(x)dp(x) = 0 and obtain the then

82

16) = ~Eolim(X)] = — (s {m 1ogp9<x>} )

Example 4.15 The Weibull family P is the parametric model with densities

X

pole) = =(5)exp {~(5)°} (2 2 0)

a o
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with respect to the Lebesgue measure where § = («,3) € (0,00) x (0,00). We can easily
calculate that

w0 =2{Ey -1},
o) = 5 = 510 {(} {7 -1}

Thus, the Fisher information matrix is

N (1 -)/a
10) = (—(1 “ e {x2/6+ (1 W}/@) ’

where 7 is the Euler’s constant (v =~ 0.5777...). The computation of I(6) is simplified by noting
that Y = (X/a)? ~ Exponential (z).

4.3.3 Efficient influence function and efficient score function

From the above proof, we also note that the lower bound is attained for an unbiased estimator
T(X) if and only if T(X) = ¢(0)'I~"(0)is(X), the latter is called the efficient influence function
for estimating ¢(#) and its variance, which is equal to ¢(0)"1(0)~*¢(#), is called the information
bound for q(0). If we regard ¢(6) as a function on all the distributions of P and denote v(FPy) =
q(0), then in some literature, the efficient influence function and the information bound for ¢(6)
can be represented as (X, Py|v, P) and I~ (P|v, P), both implying that the efficient influence
function and the information matrix are meant for a fixed model P, for a parameter of interest

v(Pp) = q(0), and at a fixed distribution P,.

Proposition 4.3 The information bound I~'(P|v,P) and the efficient influence function

l(+, P|v, P) are invariant under smooth changes of parameterization. t

Proof Suppose v — 6(7) is a one-to-one continuously differentiable mapping of an open subset
I of R¥ onto © with nonsingular differential 6. The model of distribution can be represented
as {Py(y) : v € I'}. Thus, the score for v is 0(7)lp(X) so the information matrix for + is equal
to

0()'1(0(7)0(),
which is the same as the information matrix for § = 6(«y). The efficient influence function for
v is equal to

(OGO T(3) ™ = 4(O()'T(0())lo

and it is the same as the efficient influence function for 6. 1

The proposition implies that the information bound and the efficient influence function for
some v in a family of distribution are independent of the parameterization used in the model.
However, with some natural and simple parameterization, the calculation of the information
bound and the efficient influence function can be directly done along the definition. Especially,
we look into a specific parameterization where ¢’ = (/,n') and v € N C R™, n € H C RF™.
v can be regarded as a map mapping Py to one of component of 6, v, and it is the parameter
of interest while 7 is a nuisance parameter. We want to assess the cost of not knowing n by
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comparing the information bounds and the efficient influence functions for v in the model P (n
is unknown parameter) and P, (1 is known and fixed).
In the model P, we can decompose

: A

l p— . l p— ~
where fl is the score for v and lé is the score for 7, l~1 is the efficient influence function for v and
l5 is the efficient influence function for n. Correspondingly, we can decompose the information

matrix 7(6) into
Iy I
I1(6) =
(©) <I21 122)’

where I;; = Ee[ilzi], s = Ee[z1i/2]> Iy = Eg[lélﬂ, and Iy = Ea[lzlé] Thus,
]—1(3) = ]1_1?2 —11_1?2[12[2_21 _ Ji g2
_12_2?1[21]1_11 [2_2%1 =\ 2

Lo =111 — [12]2_21[217 Iyoq = Isg — 121[1_11[12-

where

Since the information bound for estimating v is equal to
I (Pylv, P) = 4(0)'I71(0)d(0),

where ¢(0) = v, and
Q(‘g) = (Imxm Omx(k—m)) )

we obtain the information bound for v is given by
17N (Pylv, P) = Iy, = (Iny — Dol Ioy) ™!

The efficient influence function for v is given by

h = Q(9> I~ (9)19 = 1111213
where lf = il — 112[2_21i2. It is easy to check
Lo = E[i5(17)].

Thus, I is called the efficient score function for v in P.

Now we con81der the model P,, with n known and fixed. It is clear the information bound
for v is just I;;' and the efficient 1nﬂuence function for v is equal to I7;';.

Since Iy > Ij10 = 111 — 1 12122 I5,, we conclude that knowing 7 increases the Fisher infor-
mation for v and decreases the information bound for v. Moreover, knowledge of 1 does not
increase information about v if and only if I;5 = 0. In this case, l1 =1, ll and [ = ;.

Example 4.16 Suppose

P={b:po=¢((x—v)/n)/n,v e R,n>0}.
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Note that

Then the information matrix I(6) is given by by

1(6) = (’7(;2 27?_2) .

Then we can estimate the v equally well whether we know the variance or not.

Example 4.17 If we reparameterize the above model as
Py = N(v,n* =%, n* >~
The easy calculation shows that I15(0) = vn/(n* — v*)?. Thus lack of knowledge of 7 in this
parameterization does change the information bound for estimation of v.
We provide a nice geometric way of calculating the efficient score function and the efficient
influence function for v. For any 6, the linear space Lo(Pp) = {g(X) : Eglg(X)?] < oo} is a
Hilbert space with the inner product defined as

< g1, 92 >= E[g:1(X)g2(X)].

On this Hilbert space, we can define the concept of the projection. For any closed linear space
S C Ly(Py) and any g € La(Py), the projection of g on S is g € S such that g — g is orthogonal
to any ¢* in § in the sense that

El(g(X) - g(X))g*(X)] =0, Vg* € S.

The orthocomplement of S is a linear space with all the g € Lo(P) such that g is orthogonal
to any ¢g* € S. The above concepts agree with the usual definition in the Euclidean space.
The following theorem describes the calculation of the efficient score function and the efficient
influence function.

Theorem 4.3 A. The efficient score function HE Py|v, P) is the projection of the score function
l; on the orthocomplement of [lo] in Ly(Fp), where [l5] is the linear span of the components of
ls.

B. The efficient influence function I(-, Py|v, P,) is the projection of the efficient influence function
ll on [ll] in LQ(P@) T

Proof A. Suppose the projection of I1 on [iy] is equal to i for some matrix X. Since E[(l; —
Yly)lh] = 0, we obtain ¥ = I1515," then the projection on the orthocomplement of [l5] is equal
to il — 112[2_21i2, which is the same as lf

B. After the algebra, we note

L= I35 (I — Lolsnts) = (I 4 It o It In IV (I — TiadRts) = Il — It Tl

Since from A, Iy is orthogonal to l;, the projection of [, on [ll] is equal Iﬁlil, which is the
efficient influence function I(-, Py|v, P,). 1
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The following table describes the relationship among all these terminologies.

| Term | Notation | P (1 unknown) | P, (n known) |
efficient score GG Py, | =1 — Ihl5'l, I
information I(Plv,-) | E[l(1})] = I — L1, 152 I
efficient L, Plo,s) | o= TR + 121 = Il It
influence information =1 ﬁlil -1 1_11 1 121~2
information bound | I-Y(Plv,-) | I'' = I} = I,)" + I o L In I | 1T

4.4 Asymptotic Efficiency Bound

4.4.1 Regularity conditions and asymptotic efficiency theorems

The Cramér-Rao bound can be considered as the lower bound for any unbiased estimator in
finite sample. One may ask whether such a bound still holds in large sample. To be specific,
we suppose X, ..., X, are i.i.d Py (0 € R) and an estimator 7T, for # satisfies that

V(T = 0) —a N(0,V(0)*).

Then the question is whether V(6)?> > 1/I(f). Unfortunately, this may not be true as the
following example due to Hodges gives one counterexample.

Example 4.18 Let X7, ..., X, beiid N(6,1) so that I(#) = 1. Let |a] < 1 and define

T _ Xo  if| X, > /4
" aX, if|X,| < nTlA

Then

VT, =0) = VX, = OI(1Xa] >0V + Va(aX, = 0)I(|Xa] <)
=i ZI(|Z +nb| > n'*) +{aZ + Vnla — 1)0} I(|Z + v/nb| < n'/*)
a.s. ZI(H%O)‘FCLZI(GIO)

—

Thus, the asymptotic variance of /nT,, is equal 1 for § # 0 and a? for # = 0. The latter is
smaller than the Cramér-Rao bound. In other words, T;, is a superefficient estimator.

To avoid the Hodge’s superefficient estimator, we need impose some conditions to 7;, in
addition to the weak convergence of \/n(7T, — ). One such condition is called locally regular
condition in the following sense.

Definition 4.2 {T,,} is a locally regular estimator of 6 at 6 = 0y if, for every sequence {6,} C ©
with v/n(6, —0) — t € R* under P,

(local regularity) /n(T,, — 6,) —q¢ Z, as n — oo

where the distribution of Z depend on 6y but not on ¢. Thus the limit distribution of \/n(7,,—0,)
does not depend on the direction of approach t of 6, to 6y. {1,} is a locally Gaussian regular
if Z has normal distribution.
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In the above definition, /n(T,, — 6,) —4 Z under Py, is equivalent to saying that for any
bounded and continuous function g, Ey, [¢(v/n(T, —0,))] — E[g(Z)]. One can consider a locally
regular estimator as the one whose limit distribution is locally stable: if data are generated under
a model not far from a given model, the limit distribution of centralized estimator remains the
same.

Furthermore, the locally regular condition, combining with the following two additional
conditions, gives the results that the Cramér-Rao bound is also the asymptotic lower bound:

(C1) (Hellinger differentiability) A model P = {Pp : § € R*} is a parametric model dominated
by a o-finite measure p. It is called a Hellinger-differentiable parametric model if

1. .
|/Po+h — /Do — §h/19\/p€”L2(u) = o(|hl),
where py = dPy/dp.

(C2) (Local Asymptotic Normality (LAN)) In a model P = {P : § € R*} dominated by a
o-finite measure i, suppose pp = dPy/dp. Let I(x;0) = log p(z, §) and let

(0) = > 1(X;6)
i=1
be the log-likelihood function of Xj, ..., X,,. The local asymptotic normality condition at 6 is

1
(B +n7""2t) = 1n(60) —a N(=5t'1(60)t,1'1(60)t)

under Fy,.

Both conditions (C1) and (C2) are the smooth conditions imposed on the parametric models.
In other words, we do not allow a model whose parameterization is irregular. An irregular model
is seldom encountered in practical use.

The following theorem gives the main results.

Theorem 4.4 (Hajek’s convolution theorem) Under conditions (C1)-(C2) with () non-
singular. For any locally regular estimator of 0, {7}, the limit distribution of \/n(T,, — 6y)
under Py, satisfies

Z = Zy+ Ay,

where Zy ~ N(0,171(6y)) is independent of Ay. t

As a corollary, if V(6y)? is the asymptotic variance of \/n(T},, — ), then V(0y)* > I71(0).
Thus, the Cramér-Rao bound is a lower bound for the asymptotic variances of any locally
regular estimators. Furthermore, we obtain the following corollary from Theorem 4.4.

Corollary 4.1 Suppose that {T},} is a locally regular estimator of § at §, and that U : R¥ — R*
is bowl-shaped loss function; i.e., U(x) = U(—=z) and {x : U(z) < ¢} is convex for any ¢ > 0.
Then

lim inf By, [U(y/A(T, — 00))] > E[U(Z0))

where Zy ~ N(0,1(6p)7"). 1



POINT ESTIMATION AND EFFICIENCY 97

Corollary 4.2 (Hdjek-Le Cam asymptotic minmax theorem) Suppose that (C2) holds,
that T,, is any estimator of 6§, and U is bowl-shaped. Than

limliminf  sup  Ep[U(v/n(T, —0))] > E[U(Z)],
6=0 . mle—0o|<5

where Zy ~ N(0,1(6p)7"). 1

In summary, the two corollaries conclude that the asymptotic loss of any regular estimators
is at least the loss given by the distribution Z,. Thus, from this point of view, Zj is also the
distribution of most efficiency. The proofs of the two corollaries are beyond this book so are
skipped.

4.4.2 Le Cam’s lemmas

Before proving Theorem 4.4, we introduce the contiguity definition and the Le Cam’s lemmas.
Consider a sequence of measure spaces (2,, A,, 1i,) and on each measure space, we have two
probability measure P, and @, with P, << p, and @, << p,. Let p, = dP,/du, and
Gn = dQ,/du, be the corresponding densities of P, and @,. We define the likelihood ratios

Gn/Pn if pp >0
n if g, > 0= p,.

Definition 4.3 (Contiguity) The sequence {@,} is contiguous to {P,} if for every sequence
B, € A, for which P,(B,) — 0 it follows that Q,(B,) — 0. {

Thus contiguity of {@,} to {P,} means that @, is “asymptotically absolutely continuous”
with respect to P,. We denote {Q,} <{P,}. Two sequences are contiguous to each other if

{Qn} <{P,} and {P,} <{Q,} and we write {P,} <>{Q,.}.

Definition 4.4 (Asymptotic orthogonality) The sequence {@,} is asymptotically orthogonal to
{P,} if there exists a sequence B,, € A, such that Q,(B,) — 1 and P,(B,) — 0. }

Proposition 4.4 (Le Cam’s first lemma) Suppose under P,, L,, —4 L with E[L] = 1. Then
{Q.} <{P,}. On the contrary, if {Q,} <{P,} and under P,, L,, —4 L, then E[L] =1. }

Proof We fist prove the first half of the lemma. Let B, € A, with P,(B,) — 0. Then
Iq, B, converges to 1 in probability under P,. Since L, is asymptotically tight, (L, Iq, 5, ) is
asymptotically tight under P,. Thus, by the Helly’s lemma, for every subsequence of {n}, there
exists a further subsequence such that (L, Io, B,) —4 (L,1). By the Protmanteau Lemma,
since (v, t) — vt is continuous and nonnegative,

dQn

_p. —dP, > E|L| = 1.
n Bndpnd n — [ ]

liminf @,(Q, — B,) > lim inf/lg

We obtain Q,,(B,) — 0. Thus {Q,} <{P,}.
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We then prove the second half of the lemma. The probability measure R,, = (P, + Q,)/2
dominate both P, and @,. Note that {dP,/dQ,}, {L,} and W,, = dP,/dR,, are tight with
respect to {Q,}, {P.} and {R,}. By the Prohov’s theorem, for any subsequence, there exists
a further subsequence such that

P,
;ZQZ —q U, under Q,,
@,
L, = dgn —q4 L, under P,,
dpb,
Wn = d—Rn —d W, under Rn

for certain random variables U, V, and W. Since Eg [W,] = 1 and 0 < W,, < 2, we obtain
E[W] = 1. For a given bounded, continuous function f, define g(w) = f(w/(2 —w))(2 — w) for
0 <w < 2and g(2) =0. Then g is continuous. Thus,

dP, dP, . dQ, W
0.} = Emlf (G5 )qp 1 = ErloWa)l = Elf (5 —5)(2 = W)

2-W
Since Eg, [f(dP,/dQ,)] — E[f(U)], we have

anlf(

)2 - W]

Choose f,, in the above expression such that f,, < 1 and f,, decreases to Ijp;. From the
dominated convergence theorem, we have

w
2-W

PU = 0) = Ell)( )2 =W)]=2P(W =0).

However, since

dP,
A

<@mmpwnt/ o 100 < en— 0

Pn/dQn<5n dQn
and {Qn} <{Pn},

P(U=0)=1limP{U <e¢,) <liminf @, (= i <e€) = hmmf Qn({—= i <e}N{g. >0}) =0.

@, dQn
That is, P(W = 0) = 0. Similar to the above deduction, we obtain that
2-W

Y.

Choose f,, in the expression such that f,,(z) increase to x. By the monotone convergence
theorem, we have

E[L] = E[(2 — W)I(W > 0)] = 2P(W > 0) — 1 = 1.
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As a corollary, we have
Corollary 4.3 If log L,, —4 N(—0?/2,0?) under P,, then {Q,}<{P,}. 1

Proof Under P,, L, —4 exp{—0?/2+cZ} where the limit has mean 1. The result thus follows
from Proposition 4.4. 1

Proposition 4.5 (Le Cam’s third lemma) Let P, and @,, be sequence of probability mea-
sures on measurable spaces (€, A,), and let X,, : Q, — R* be a sequence of random vectors.
Suppose that Q),, < P, and under P,,

(Xn> Ln) —d (Xa L)
Then G(B) = E[Ig(X)L] defines a probability measure, and under @,,, X,, —4 G. T

Proof Because V' > 0, for countable disjoint sets B, Bs,..., by the monotone convergence
theorem,

G(UB)) = Elim(Ip, + ... + Ip,)L] =lim Y _E[Iz,L] =Y G(By).
i=1 =1

From Proposition 4.4, E[L] = 1. Then G(2) = 1. G is a probability measure. Moreover, for
any measurable simple function f, it is easy to see

[ ric = Els0LL

Thus, this equality holds for any measurable function f. In particular, for continuous and
nonnegative function f, (z,v) — f(z)v is continuous and nonnegative. Thus,

liminf Eq, [f(X,)] > liminf/f(Xn)zgndPn > Ef(X)L].

Thus, under Q,,, X, —4 G.

Remark 4.1 In fact, the name Le Cam’s third lemma is often reserved for the following result.

If under P,,
> T
(Xm lOg Ln) —d Nk—i—l( (_O_lé/2> ) <7_ 0.2) )a

then under @,,, X,, —4 Ni(p+ 7,%). This result follows from Proposition 4.5 by noticing that
the characteristic function of the limit distribution G is equal to E[e"*e], where (X,Y) has

the joint distribution
W XooT )
Nkﬂ((_gz/Q),(T 02) .

Such a characteristic function is equal exp{it'(u + 7) — t'>t/2}, which is the characteristic
function for Ni(u + 7,%).
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4.4.3 Proof of the convolution theorem

Equipped with the Le Cam’s two lemmas, we start to prove the convolution result in Theorem
4.4.

Proof of Theorem 4.4 We divide the proof into the following steps.

Step 1. We first prove that the Hellinger differentiability condition (C1) implies that Py, [igo] =0,
the Fisher information I(6y) = Ejy, [igolgo] exists, and moreover, for every convergent sequence
h, — h, as n — 00,

Do +hn/f
log H 0 ” Z Wig, (X h’Igoh + T,
=1

where r, —, 0. To see that , we abbreviate p,, p, g as Pgy1n/m, oy h’igo. Since /n(\/pn — /D)
converges in Lo(u) to g\/p/2, \/Pn converges to \/p in Ly(p). Then

Blo) = [ gaviRvidn = lim [ Va(yE — VBB + VE)di =0,

Thus, Eg, [lg,] = 0. Let Wy = 2(\/pn(X;)/p(X;) — 1). We have

VarZWm— \/_Zg ) < E[(vaWni — 9(X,))%] — 0,

B3 Wl = 20 [ VEnEdn = 1) = =n [ IV = VPdu— -1 Elg’)

Here, E[g*] = I'I(6y)h. By the Chebyshev’s inequality, we obtain

ZW’“:\/—ZQ ——E [0%] + an,

where a,, — 0.
Next, by the Taylor expansion,

logﬁ%(Xi) = 2ilog(1 + %Wm) = in — iiWipL%iW?R w,
i=1 i=1 i=1 i=1 i=1

where R(z) — 0 as © — 0. Since E[(v/nW,; — 9(X;))?] — 0, nW?2 = ¢g(X;)* + A,; where
E[|Al] — 0. Then Y7 | W2 —, E[g?]. Moreover,

P(|Wpi| > ev/2) < nP(g(X;)? > ne?)+nP(|Ani| > ne?) < e 2E[g*I(g* > ne®)|+e 2E[|Anl] — 0.

The left-hand side is the upper bound for P(max;<;<, |W,;| > €). Thus, max;<;<, |Wy| con-
verges to zero in probability; so is maxj<i<, |R(W,;)|. Therefore,

log ][ ?(X,-) =) Wi— ZE[g2] + by,
=1 =1
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where b, —, 0. Combining all the results, we obtain

1
log H Doothn/ Vi (5 f Z Wiy (X:) = SH Ty + 7,

=1 Paoo

where 7, —,,, 0.

Step II. Let @, be the probability measure with density []7", pgy+n/ym(7:) and P, be the
probability measure with [];_; pg,(z;). Define

Sy = \/7( - 90 n Z ZGO

By the assumptions, S,, weakly converges to some distribution and so is A,, under P,; thus,
(Sn, Ay) is tight under P,. By the Prohorov’s theorem, for any subsequence, there exists a
further subsequence such that (S,,A,) —4 (S,A) under P,. From Step I, we immediately
obtain that under P,,

d
(S, log d%) 2 (S HA — —h’[(@o)h).

Since under P,, dQ,/dP, weakly converges to N(—h'I(6y)h/2,h'I(0y)h), Corollary 4.3 gives
that {Q,}<{P,}. Then from the Le Cam’s third lemma, under Q,, S, = /n(T,, —6y) converges
in distribution to a distribution Gj,. Clearly, GG}, is the same as distribution with Z + h.

Step II1. We show Z = Zy + Ay where Zy ~ N (0, 1(0y)~?!) is independent of Ag. From Step II,
we have

Eyyinyymlexp{it’'S,}| — exp{it'h} Elexp{it' Z}].
On the other hand,

dQn

Eponyyalexplit'Su}] = Eg,[explit'S, +log —5

W+ 0(1) — By [explit'Z + WA — %h’[(@o)h}].

We have 1
Eg,lexp{it'Z + W' A — ih'l(Qo)h}] = exp{it'h} Ey, [exp{it' Z}]

and it should hold for any complex number ¢ and h. We let h = —i(t' — s')I(6;) " and obtain
1 1
Eg,lexp{it'(Z — I(0p) " A) +is'I(0y) ' A}] = Ey,[exp{it' Z + 51&'[(90)_115}] exp{—isll(ﬁo)_ls}.

This implies that Ay = (Z — I(6y)7* A) is independent of Zy = I(6)) *A and Z; has the
characteristics function exp{—s'I(6y)~'s/2}, meaning Zy ~ N(0,1(6y)"'). Then Z = Zy + A,.
t

The convolution theorem indicates that if {7},} is locally regular and the model P is the
Hellinger differentiable and LAN, then the Cramér-Rao bound is also the asymptotic lower
bound. We have shown that the result holds for estimating 6. In fact, the same procedure
applies to estimating ¢(f) where ¢ is differentiable at 6. Then the local regularity condition is
that under Py 4/ /m,

VAT, — (B + b/ /) 4 2
where Z is independent of h. The result in Theorem 4.4 then becomes that Z = Zy+ Ay where
Zo ~ N(0,q(0)'I(00)*q(6)) is independent of Ay.



POINT ESTIMATION AND EFFICIENCY 102

4.4 Sufficient conditions for Hellinger-differentiability and local reg-
ularity
Checking the conditions of the local regularity and the Hellinger-differentiability and may be

easy in practice. The following propositions give some sufficient conditions for the Hellinger
differentiability and the local regularity.

Proposition 4.6. For every 6 in an open subset of R* let py be a p-probability density. Assume
that the map 0 — syp(z) = /pg(x) is continuously differentiable for every z. If the elements
of the matrix I(8) = E|[(pe/pe)(Pe/ps)’] are well defined and continuous at 6. Then the map
0 — /Py is Hellinger differentiable with ly given by pg/pg. T

Proof The map 6 — py = s is differentiable. We have py = 25489 so conclude 3¢ is zero
whenever pg = 0. We can write 59 = (pg/po)/Do/2.
On the other hand,

2

S9+th; — S0 2 ! I
L= e [ [ o)
0

1 1 1
< / / ((ht)’smumt)zdudu:5 / RAI(0 + uthy) hydu.
0 0

As hy — h, the right side converges to [(h'sg)*du by the continuity of Ip. Since

SO+thy — S0 oy
t
converges to zero almost surely, following the same proof as Theorem 3.1 (E) of Chapter 3, we
obtain )
/ {w _ hlée} du — 0.
T

Proposition 4.7 If {T,,} is an estimator sequence of ¢() such that
1 . Y
V(T —q(9)) - 7n ;%I(Q) lo(X;) = 0,
where ¢ is differentiable at 0, then T, is the efficient and regular estimator for ¢(6). {

Proof “ =" Let A, g =n"Y23" | lg(X;). Then A, ¢ converges in distribution to a vector Ay ~
N(0,1(0)). From Step I in proving Theorem 4.4, log dQ,,/d P, is equivalent to h'A,, g—h'I1(6)h/2
asymptotically. Thus, the Slutsky’s theorem gives that under P

<\/E(Tn — q(0)), log dQ”) e (G T(0)" g, W Ay — W T(0)R2)

dp,
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3 (Carrtom) (P ™ witon))

Then from the Le Cam’s third lemma, under Py, m, v1(1, — q(f)) converges in distribution
to a normal distribution with mean ¢gh and covariance matrix qé[ (0)"'ge. Thus, under Py, N3
Vn(T,—q(0+h/\/n)) converges in distribution to N (0, ¢oI(0)'q;). We obtain that T}, is regular.

f
Definition 4.5 If a sequence of estimator {7}, } has the expansion
V(T — )=n I/QZF )+ T,
where r, converges to zero in probability, then T;, is called an asymptotically linear estimator
for q(6) with influence function I'. Note that I' depends on 6. t

For asymptotically linear estimator, the following result holds.

Proposition 4.8 Suppose T, is an asymptotically linear estimator of v = ¢() with influence
function I'. Then

A. T, is Gaussian regular at 6 if and only if ¢(@) is differentiable at 6, with derivative ¢y and,
with 1, = (-, Py,|q(#), P) being the efficient influence function for ¢(), Eg,[(T — 1,)I] = 0 for
any score [ of P. )

B. Suppose ¢(0) is differentiable and T}, is regular. Then T' € [I] if and only if I’ = [,.. 1

Proof A. By asymptotic linearity of T,,, it follows that

(o0 Y (L) (B0 By,
L,,(0p + t,//n) — Ly (6o) —t'I(00)t ) " \ g, [IT']t  t'1(6p)t
From the Le Cam’s third lemma, we obtain that under Py ¢ /. /m,
V(T = q(00)) —a N (Eg,[I"i]t, Ey, [TT")).
If T, is regular, we have that under Py ¢,/ /m,
VAT, = q(f + ta/ /) —a N(O, Egy[TT]).
Comparing with the above convergence, we obtain
V(8o + tn/vn) — q(60)) — Eg, [T'I]t.

This implies ¢ is differentiable with gy = Ey[I"1]. Since Ep, [Ii] = ¢p, the direction “ =" holds.
To prove the other direction, since ¢(0) is differentiable and under Py ¢,/ /n,

V(T — q(0y)) —a N(Eg, [I'(]t, E[LT])
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from the Le Cam’s third lemma, we obtain under Py, / /z,

\/E(Tn —q(6o + tn/\/ﬁ)) —a N (0, E[TT]).

Thus, T, is Gaussian regular. . .
B. If T,, is regular, from A, we obtain I' — [, is orthogonal to any score in P. Thus, I' € [[]
implies that I' = [,. The converse is obvious. f}

Remark 4.2 We have discussed the efficiency bound for real parameters. In fact, these results
can be generalized (though non-trivial) to the situation where 6 contains infinite dimensional
parameter in semiparametric model. This generalization includes semiparametric efficiency
bound, efficient score function, efficient influence function, locally regular estimator, Hellinger
differentiability, LAN and the Hdjek convolution result.

READING MATERIALS: You should read Lehmann and Casella, Sections 1.6, 2.1, 2.2, 2.3,
2.5, 2.6, 6.1, 6.2, Ferguson, Chapter 19 and Chapter 20

PROBLEMS

1. Let X1,..., X, beii.d according to Poisson()\). Find the UMVU estimator of \* for any
positive integer k.

2. Let X;,i =1,...,n, be independently distributed as N(a + ft;, 0?) where «, 3 and o2 are
unknown, and the t’s are known constants that are not all equal. Find the least square
estimators of @ and 3 and show that they are also the UMVU estimators of a and (3.

3. If X has the distribution Poisson(f), show that 1/6 does not have an unbiased estimator.

4. Suppose that we want to model the survival of twins with a common genetic defect, but
with one of the two twins receiving some treatment. Let X represent the survival time
of the untreated twin and let Y represent the survival time of the treated twin. One
(overly simple) preliminary model might be to assume that X and Y are independent
with Exponential(n) and Exponential(fn) distributions, respectively:

fon(z,y) = ne” " nhe” ™ I(x > 0,y > 0).

(a) On crude approach to estimation in this problem is to reduce the data to W = X /Y.
Find the distribution of W and compute the Cramér-Rao lower bound for unbiased
estimators of 6 based on W.

(b) Find the information bound for estimating 6 based on observation of (X,Y") pairs
when 7 is known and unknown.

(c) Compare the bounds you computed in (a) and (b) and discuss the pros and cons of
reducing to estimation based on the V.
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5. This is a continuation of the preceding problem. A more realistic model involves assuming
that the common parameter n for the two wins varies across sets of twins. There are several
different ways of modeling this: one approach involves supposing that each pair of twins
observed (X;,Y;) has its own fixed parameters n;,7 = 1,..,n. In this model we observe
(X;,Y;) with density fy,, fori=1,...,n;ie,

fom (€, y) = me”"%n,0e= "% I (2; > 0,4; > 0).

This is sometimes called a functional model (or model with incidental nuisance parame-
ters).

Another approach is to assume that 7 = Z has a distribution, and that our obser-
vations are from the mixture distribution. Assuming (for simplicity) that Z = n ~
Gamma(a,1/b) (a and b are known) with density

a,a—1

90a0) = “p ep{=bH (0 > 0),

it follows that the (marginal) distribution of (X,Y) is

pG,a,b($7 y) = / f@,z(x> y)ga,b(z)dz'
0

This is sometimes called a “structural model” (or mixture model).

(a) Find the information bound for # in the functional model based on (X;,Y;),i =

1,....n.
(b) Find the information bound for # in the structural model based on (X Y;),i =
1,....n.

(c) Compare the information bounds you computed in (a) and (b). When is the informa-
tion for ¢ in the functional model larger than the information for € in the structural
model?

6. Suppose that X ~ Gamma(a,1/(3); i.e., X has density py given by

pe(z) = %xa_l exp{—pz}I(x >0), 0= (a,3) € (0,00) x (0,00).

Consider estimation of ¢(0) = Ep[X].

(a) Compute the Fisher information matrix ().

(b) Derive the efficient score function, the efficient influence function and the efficient
information bound for a.

(c) Compute ¢(f) and find the efficient influence functions for estimation of ¢(¢). Com-
pare the efficient influence functions you find in (c) with the influence function of
the natural estimator X,,.

7. Compute the score for location, —(f’/f)(z), and the Fisher information when:
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(a) f(z) = ¢(z) = (2n)" Y2 exp{—2?/2}, (normal or Gaussian);
(b) f(z) = exp{—=}/(1 + exp{—z})?, (logistic);

(¢) f(z) = exp{—|z|}/2, (double exponential);

(d) f(z) = t, the t-distribution with k& degrees of freedom;

(e) f(x) = exp{—x}exp{—exp(—x)}, (Gumbel or extreme value).

8. Suppose that P = {FP, : 6 € ©},0 C R* is a parametric model satisfying the hypotheses
of the multiparameter Craméer-Rao inequality. Partition 6 as 6 = (v, ), where v € R™
and n € RF—™ and 1 <m < k. Let [ =1y = (il, l2) be the corresponding partition of the
scores and with [ = I~ (Q)Z the efficient influence function for 0, let I = (i, lg) be the
corresponding partition of [. In both cases, ll, l1 are m-vectors of functions and lg, lg are
k — m vectors. Partition 7(#) and I~1(#) correspondingly as

Iy I
1(0) =
©) (Izl 122) ’
where I1 is m x m, I1o is m X (k—m), Iy is (k—m) x m, Iy is (k —m) x (k—m). also
write -
I740) =[] j=1,2.
Verify that
(a) Ill = 11_112 where 111,2 = Ill - 112[2_21[21, ]22 = 12_211 where 122.1 = 122 - 121[1_11112,
IV = 1N I005 12 = —122 - 17 o I
(b) Verlfy that Zl = ]111'1 + Il2j2 = 11_112(l1 - ]12]2_21Z2), and l~2 = I21j1 + 1221'2 = ]2_211(l2 —
InI'h).
9. Let T, be the Hodges superefficient estimator of 6.
(a) Show that T, is not a regular estimator of 6 at # = 0, but that it is regular at every
0 #0. If 6, = t/y/n, find the limiting distribution of v/n(T,, — 6,,) under Py, .
(b) For 6, = t/\/n show that

Ru(0,) = nEy, [(Ty — 0,)2] — a® + £3(1 — ).

This is larger than 1 if 2 > (1 +a)/(1 — a), and hence supper efficiency also entails
worse risks in a local neighborhood of the points where the asymptotic variance is
smaller.

10. Suppose that (Y]Z) ~ Weibull(A\™' exp{—7Z}, 3) and Z ~ G,, on R with density g, with
respect to some dominating measure p. Thus the conditional cumulative hazards function
A(t|z) is given by

Aap(t]2) = (Ae7*t)P = NePr2eP

and hence
)\%,\,ﬁ(t\z) = )\ﬁeﬁsztﬁ—l'
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11.
12.
13.
14.
15.
16.

(Recall that A(t) = f(t)/(1 — F(¢t)) and A(t) = —log(1 — F'(t)) if F' is continuous). Thus
it makes sense to reparameterize by defining ; = 3~ (this the parameter of interest since
it reflects the effect of the covariate Z), #; = A\° and 6, = 3. This yields

No(t]2) = 0505 exp{6;2}t% 1.

You may assume that a(z) = (9/0z)log g,(z) exists and Efa(Z)?] < oo. Thus Z is
a “covariate” or “predictor variable”, 6; is a “regression parameter” which affects the
intensity the (conditionally) Exponential variable Y, and 6 = (04, 65, 05, 60,) where 6, = .
(a) Derive the joint density py(y, z) of (Y, Z) for the reparameterized model.

(b) Find the information matrix for . What does the structure of this matrix say about
the effect of n = 04 being known or unknown about the estimation of 6, 6s, 637

(c¢) Find the information and information bound for 6; if the parameter 6y and 05 are
known.

(d) What is the information for ¢, if just 5 is known to be equal to 17

(e) Find the efficient score function and the efficient influence function for estimation of
f, when 05 is known.

(f) Find the information Iy;.(2,3) and information bound for ¢, if the parameters 6, and
05 are unknown.

(g) Find the efficient score function and the efficient influence function for estimation of
0, when 05 and 05 are unknown.

(h) Specialize the calculation in (d)-(g) to the case when Z ~ Bernoulli(6,) and compare
the information bounds.

Lehmann and Casella, page 72, problems 6.33, 6.34, 6.35
Lehmann and Casella, pages 129-137, problems 1.1-3.30
Lehamann and Casella, pages 138-143, problems 5.1-6.12
Lehmann and Casella, pages 496-501, problems 1.1-2.14
Ferguson, pages 131-132, problems 2-5

Ferguson, page 139, problems 1-4
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CHAPTER 5 EFFICIENT ESTIMATION: MAXIMUM
LIKELIHOOD APPROACH

In the previous chapter, we have discussed the asymptotic lower bound (efficiency bound) for

all the regular estimators. Then a natural question is what estimator can achieve this bound;

equivalently, what estimator can be asymptotically efficient. In this chapter, we will focus on

the most commonly-used estimator, maximum likelihood estimator. We will show that under

some regularity conditions, the maximum likelihood estimator is asymptotically efficient.
Suppose Xi, ..., X, are i.i.d from Py, in the model P = {P, : 6 € ©}. We assume

(A0). 0 # 6" implies Py # P+ (identifiability).
(A1). Py has a density function py with respect to a dominating o-finite measure .
(A2). The set {x : pg(x) > 0} does not depend on 6.

Furthermore, we denote

Lo(0) = [ ] po(X0), 1(8) = 3 _logpe(X).

L, (0) and [,,(9) are called the likelihood function and the log-likelihood function of 0, respectively.
An estimator 6, of 6 is the maximum likelihood estimator (MLE) of 6, if it maximizes the
likelihood function L, (0), equivalently, [,,(6).

Some cautions should be taken in the maximization: first, the maximum likelihood estimator
may not exist; second, even if the maximum likelihood estimator exists, it may not be unique;
third, the definition of the maximum likelihood estimator depends on the parameterization of
pe so different parameterization may lead to the different estimators.

5.1 Ad Hoc Arguments of MLE Efficiency

In the following, we explain the intuition why the maximum likelihood estimator is the efficient
estimator; while we leave rigorous conditions and arguments to the subsequent sections. First,
to see the consistency of the maximum likelihood estimator, we introduce the definition of the
Kullback-Leibler information as follows.

Definition 5.1 Let P be a probability measure and let () be another measure on (2, A4) with
densities p and ¢ with respect to a o-finite measure u (u = P + @ always works). P(Q2) = 1
and Q(Q) < 1. Then the Kullback-Leibler information K (P, Q) is

K(P.Q) = Bpllog 20

Immediately, we obtain the following result.

Proposition 5.1 K (P, Q) is well-defined, and K(P,Q) > 0. K(P,Q) =0 if and only if P = Q.
t
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Proof By the Jensen’s inequality,

¢(X) IC.ON
m] > —IOgEP[p(X)] = —logQ(22) >0

The equality holds if and only if p(z) = Mg(x) almost surely with respect P and Q(€2) = 1.
Thus, M =1and P=Q. t

K(P>Q) = EP[_log

Now that 6, maximizes ,(6),

LS (X0 2 > g (X
=1 i=1

Suppose 6,, — 0*. Then we would expect to the both sides converge to

E90 [pe* (X)] > E90 [p90 (X)]7

which implies K (Fy,, Pp+) < 0. From Proposition 5.1, Py, = Fp-. From (A0), 6* = 6 (the model
identifiability condition is used here). That is, 6, converges to 6. Note in this argument, three
conditions are essential: (i) 6, — 6* (compactness of 6,); (ii) the convergence of n='l,(6,)
(locally uniform convergence); (iii) Ps, = Py« implies 6y = 6* (identifiability).

Next, we give an ad hoc discussion on the efficiency of the maximum likelihood estimator.
Suppose 6, — 0. If 6, is in the interior of O, 6, solves the following likelihood (or score)

equations
ln(0n) =I5 (X
i=1

Suppose ig(X ) is twice-differentiable with respect to §. We apply the Taylor expansion to

ién(Xi) at 0y and obtain
= g (X)) Zzg* )(6 — ),
i=1

where 6* is between 6y and 0. This gives that

V(0 — 6,) = —% {n_l Zzg*(x,.)} {Zzgo(x,.)} .

By the law of large number, we can see \/n(f, — 6,) is asymptotically equivalent to

% Z 1(60) g, (X).

Then 6, is an asymptotically linear estimator of 6y with the influence function I()~ g, =
( Py,|0,P). This shows that 6, is the efficient estimator of 6, and the asymptotic variance of
Vn (6’ — 0y) attains the efficiency bound, which was defined in the previous chapter. Again,
the above arguments require a few conditions to go through.

As mentioned before, in the following sections we will rigorously prove the consistency and
the asymptotic efficiency of the maximum likelihood estimator. Moreover, we will discuss the
computation of the maximum likelihood estimators and some alternative efficient estimation
approaches.
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5.2 Consistency of Maximum Likelihood Estimator

We provide some sufficient conditions for obtaining the consistency of maximum likelihood
estimator.

Theorem 5.1 Suppose that

(a) © is compact.

(b) log pe(z) is continuous in @ for all x.

(c) There exists a function F'(z) such that Ep [F(X)] < oo and |log pg(x)| < F(z) for all x and
6.

Then én —as 0o T

Proof For any sample w € (2, 6, is compact. Thus, be choosing a subsequence, we assume
0, — 0*. Suppose we can show that

1
- > 15, (Xi) = Egyllg-(X)]
=1
Then since
1 & 1 &
- ZA Xz > — l Xz 5
w 206,00 2 13 I (X)
we have

Epy[lo+ (X)] = Egy [l (X)]-

Thus Proposition 5.1 plus the identifiability gives 6* = 6p. That is, any subsequence of 0,
converges to 6. We conclude that 6, —,., 6.
It remains to show

Since
Egy[ls, (X)] — Egy[lo-(X)]

by the dominated convergence theorem, it suffices to show
[Pnll, (X)] = Eg[l, (X)]] — 0.
We can even prove the following uniform convergence result

sup [P, o (X)] = Enllo(X)]] = 0.

To see this, we define
U(@,0,p) = sup (ly(x) — Eg[lo (X)])-

|0"—0|<p

Since ly is continuous, 1 (z, 6, p) is measurable and by the dominance convergence theorem,
Ey, [¥(X, 0, p)] decreases to Ey,[lo(z) — Eg,[lo(X)]] = 0. Thus, for € > 0, for any § € O, there
exists a py such that

E90 [¢(X7 9, Pe)] < €.
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The union of {0 : |#'—60| < py} covers ©. By the compactness of O, there exists a finite number
of 64, ...,0,, such that
© Cc U™ {0 10" —6;] < ps,}

Therefore,

sup {Py[lo(X)] — Eg[lo(X)]} < sup Pu[y(X,0;, pp,)].

0O 1<i<m

We obtain

tim sup sup {Pn[lp(X)] = Egolo(X)]} < sup Po[(X,0;, pp)] <

n e 1<i<m

Thus, lim sup,, supgee {Pnllo(X)] — Eg,[lo(X)]} < 0. We apply the similar arguments to {—{(X, §)}
and obtain lim sup,, supycg { —Pn[lo(X)] + Ep, [lo(X)]} < 0. Thus,

lim Sup P, [l(X)] — Egy [lo(X)]| — 0.

As a note, condition (c) in Theorem 5.1 is necessary. Ferguson (2002) page 116 gives an
interesting counterexample showing that if (c) is invalid, the maximum likelihood estimator
converges to a fixed constant whatever true parameter is.

Another type of consistency result is the classical Wald’s consistency result.

Theorem 5.2 (Wald’s Consistency) O is compact. Suppose 0 — ly(x) = log pg(x) is upper-
semicontinuous for all x, in the sense

limsup lg (z) < ly(x).
9'—0

Suppose for every sufficient small ball U C O,

Ey,[sup ly(X)] < 0.
0'eU

Then 0, —, 0. t

Proof Since Ey,[lg,(X)] > Ey, [l (X)] for any ' # 6, there exists a ball Uy containing 6" such
that
Ego [190 (X)] > Ego[ sup g« (X)]

0*€Uy

Otherwise, there exists a sequence 6, — 6" but Ep[lg,(X)] < Eg,llg: (X)]. Since lp: (x) <
supy Lo (X) where U’ is the ball satisfying the condition, we obtain

lim sup Eg, [l (X)] < Egg [limsup loy (X)] < Egg [l (X))

We then obtain Fy,[ls,(X)] < Fg,[le(X)] and this is a contradiction.
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For any e, the balls Uy Uy covers the compact set © N {|0’ — Oy| > €} so there exists a finite
covering balls, Uy, ..., U,,. Then

P(f,—60] > &) < P(_sup Pyllo(X)] 2 Polly(X)]) < P(max Po[sup lp(X)] > Pyllay (X))

|9/—€0‘>E 1<i<m 0'eU;
Z n[5Up Ly (X)] > Pyl (X))
— 0'eU;
Since
Py [sup lp (X)] —a.s. Eg[sup lo (X)] < Egy[lo, (X)],
0'cU; 0'clU;

the right-hand side converges to zero. Thus, 0, —p 0. T

5.3. Asymptotic Efficiency of Maximum Likelihood Esti-
mator

The following theorem gives some regular conditions so that the maximum likelihood estimator
attains asymptotic efficiency bound.

Theorem 5.3 Suppose that the model P = {Py : § € ©} is Hellinger differentiable at an inner
point 6y of ©® C R*. Furthermore, suppose that there exists a measurable function F(X) with
FEgy[F(X)?] < 0o such that for every 6; and 6y in a neighborhood of 6,

| log py, () — log pg, ()| < F(2)[61 — ]

If the Fisher information matrix () is nonsingular and 6, is consistent, then
V6, —0y) = oD ZI (B0) gy (X;) + 0p(1).

In particular, \/ﬁ(én — 0p) is asymptotically normal with mean zero and covariance matrix

I(QQ)_I ]L
Proof For any h,, — h, by the Hellinger differentiability,

Wn =2 ( pﬂo-;f;n/\/ﬁ - 1) - hll‘@oa in L2(P90)'
o

We obtain .
Vn(log Pgyh, s — 10g pey) = 2¢/nlog(l + W, /2) — h'ly,.

Using the Lipschitz continuity of log py and the dominate convergence theorem, we can show

Et% [\/E(Pn - P)[\/ﬁ(logpeo-i-hn/\/ﬁ - logpeo) - h,ZGO] —0
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and
Varg, |vn(P, — P)[v/n(log pgy i,/ — log pe,) — hll@o]] — 0.

Thus,
Vn(P, — P)[v/n(log pg 11, /n — logpe,) — W'lg,] = 0,
where /n(P,, — P)[g(X)] is defined as

n'/? [Z {9(Xi) — Eq, [g(X)]}] :

From Step I in proving Theorem 4.4, we know

108 Doyh, 1 & 1
1 e Rlg, (X;) — =h'1(0)h 1).
o [ [ et = 23 S (X) = 5T 00+ o)

We obtain
nEg, 108 Poy+h, /i — 108 po,] — —h'I1(0)h /2.

Hence the map 6 — Ey,[logpy| is twice-differentiable with second derivative matrix —I(6p).
Furthermore, we obtain

1 / / /
nP ,[log pgyih,/m — 108 pe,] = —5}%](90)}% + by /(P — P)[lg,] 4 0,(1).
We choose h, = \/n(6, — 0y) and h, = 1(6) " /n(P,, — P)[lg,]. It gives that
n, , X . ‘
nP,[logp, — logpy,] = —5(6’n —00)' 1(0)(0 — 6o) + V/1(6,, — 0o)v/n(P,, — P)[lg,] + 0,(1),

P4 [108 Dy, 1 1(90)-1 (P —P)liny) /v — 108 Poo]

= (VAP — P)lia]Y 1(60) ™ (VP — P)lia]} + 0p(1).

Since the left-hand side of the fist equation is larger than the left-hand side of the second
equation, after simple algebra, we obtain

_% {ﬁ(én —0y) — 1(60)"*/n(P, — P) [z‘go]}/ 1(6o) {\/ﬁ(én — 00) — 1(6o) " v/n(P,, — P) [ieo]}
+0,(1) > 0.
Thus, R '
\/ﬁ(en - 90) = ](90)_1\/E(Pn - P)[leo] + Op(l)'
T

A classical condition for the asymptotic normality for /n(6, — 6;) is the following theorem.

Theorem 5.4 For each ¢ in an open subset of Euclidean space. Let 6 ly(z) = log py(x)

be twice continuously differentiable for every x. Suppose Ey, [lg,ly ] < 0o and Ellg,] exists and
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is nonsingular. Assume that the second partial derivative of Zg(x) is dominated by a fixed
integrable function F'(x) for every # in a neighborhood of 6. Suppose 6,, —, 5. Then

\/ﬁ(én - 90) (Eeo ZGO \/— Z ZGO + OP(1>

Proof 6, solves the equation
0="> I;x
i=1

After the Taylor expansion, we obtain

o=izeo< +Zzeo ) (6 — 60) + <én—eo>/{izg?<xi>}<én—eo>,

i=1

where én is between én and 6y. Thus,
1 < .
|{E;ZGO(XZ-)} (6, — ) + Zzgo D<= Z|F )16, — 6o)?.
We obtain (6, — 0y) = 0,(1/y/n). Then it holds

vn(b, —90{ Zzgo )+ o,(1 }:—\/Lﬁ;zgo(x

The result holds. f .

5.4 Computation of Maximum Likelihood Estimate

A variety of methods can be used to compute the maximum likelihood estimate. Since the
maximum likelihood estimate, 6,,, solves the likelihood equation

Six
i=1
one numerical method for the calculation is via the Newton-Raphson iteration: at kth iteration,
1 n -1 1 n
(k+1) _ k) _ ) = } . _ ] .
g+l = ¢ {n ;z(,(k)(x,)} {n ;z9<k>(x,)} .

Sometimes, calculating ly may be complicated. Note the

- Z low (X;) ~ I(6™).
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Then a Fisher scoring algorithm is via the following iteration

g+ — k) —|—[ Q(k { Zlg(k) }

An alternative method to find the maximum likelihood estimate is by optimum search algo-
rithm. Note that the objective function is L, (6). Then a simple search method is grid search
by evaluating the L, (f) along a number of #’s in the parameter space. Clearly, such a method
is only feasible with very low-dimensional 6. Other efficient methods include quasi-Newton
search (gradient-decent search) where at each 6, we search along the direction of L,(6). Re-
cent development has seen many Bayesian computation methods, including MCMC, simulation
annealing etc.

In this section, we particularly focus on the calculation of the maximum likelihood estimate
when part of data are missing or some mis-measured data are observed. In such calculation,
a useful algorithm is called the ezpectation-mazimization (EM) algorithm. We will describe
this algorithm in detail and explain why the EM algorithm may give the maximum likelihood
estimate. A few examples are given for illustration.

5.4.1 EM framework

Suppose Y denotes the vector of statistics from n subjects. In many practical problems, Y
can not be fully observed due to data missingness; instead, partial data or a function of Y is
observed. For simplicity, suppose Y = (Y., Yous), where Y, is the part of Y which is observed
and Y,,;s is the part of Y which is not observed. Furthermore, we introduce R as a vector of 0/1
indicating which subjects are missing/not missing. Then the observed data include (Y, R).

Assume Y has a density function f(Y’;0) where § € ©. Then the density function for the
observed data (Y, R)

/ F(V10)P(RIY)dY,e.
Yinis

where P(R]Y) denotes the conditional probability of R given Y. One additional assumption
is that P(R|Y) = P(R|Yus) and P(R|Y) does not depend on 6; i.e.,; the missing probability
only depends on the observed data and it is non-informative about #. Such an assumption is
called the missing at random (MAR) and is often assumed for missing data problem. Under
the MAR, the density function for the observed data is equal

f(Y;0)dYrns P(R]Y).
Ymis

Hence, if we wish to calculate the maximum likelihood estimator for 8, we can ignore the part
of P(R|Y') but simply maximize the part of meS f(Y;0)dY,,s. Note the latter is exactly the
marginal density of Yy, denoted by f(Yops; 6).

The way of the EM algorithm is as follows: we start from any initial value of 8 and use
the following iterations. The kth iteration consists both E-step and M-step:

E-step. We evaluate the conditional expectation

E [log f(Y;6)[Yaps, 6] .



MAXIMUM LIKELIHOOD ESTIMATION 116

Here, E[-|Yops, 0%] is the conditional expectation given the observed data and the current value
of . That is,

Jy. log f(Y;0)1f(Y;0%)dY s
meis .f(Y7 e(k))dymzs

E [log f(Y;0)[Yops, 0] =

Such an expectation can often be evaluated using simple numerical calculation, as will be seen
in the later examples.

M-step. We obtain %1 by maximizing
E [log f(Y;60)|Yos, 0%] .

We then iterate till the convergence of 6; i.e., the difference between %+ and 6 is less than
a given criteria.

The reason why the EM algorithm may give the maximum likelihood estimator is the fol-
lowing result.

Theorem 5.5 At each iteration of the EM algorithm, log f(Yoss; 0% > log f(Yops; 0)) and
the equality holds if and only if #*+1) = g*) 1

Proof From the EM algorithm, we see
E [log f(V;0%FY) Yoy, 6] = E [log £(Y;6%)|Yops, 6] .

Since
1Og f(Y7 0) log f( obs ) + log f( mzs‘}/obsa 9)7

we obtain

E [10g f (Yomis|Yobs, 0% 1) Yops, 0*)] + log f (Yops; 651)
> FE [10g f( mzs|Y;)bsa k))|Y:)bs> e(k ] + log f(Y:)bs; 9( )
On the other hand, since

E [lOg f(YmisD/:)bsa 9(k+1))|Y;)bs> e(k)} < E [lOg f( mzs|Y:)bs> k))|Y;)bsa e(k)}

by the non—negatlwty of the Kullback-Leibler information, we conclude that log f(Y,p,; 0F1) >
log f (Yops, 0*%)). The equality implies

log f( mzs‘nbsv H(k—H ) log f( mzs|Y:)b87 0 k))a
and hence log f(Y; 0% +1)) = log f(Y;6%), thus 0%+ = g*)

From Theorem 5.5, we conclude that each iteration of the EM algorithm increases the
observed likelihood function. Thus, it is expected that #*) will eventually converge to the
maximum likelihood estimate. If the initial value of the EM algorithm is chosen close to the
maximum likelihood estimate (though we never know) and the objective function is concave in
the neighborhood of the maximum likelihood estimate, then the maximization in the M-step
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can be replaced by the Newton-Raphson iteration. Correspondingly, an alternative way to the
EM algorithm is given by:

E-step. We evaluate the conditional expectation

0
|:89 log f(Y 0)|Yobs> ):|

and

02 k)
B | 10w SV 0) ¥ 6

M-step. We obtain %+ by solving

0
e

log, (V'3 6)[¥ope, }

using one-step Newton-Raphson iteration:

&> T
(k+1) — gk) _ (k) (k
0 0 { lam log f(Y;0)Yops, 0 ” [ae log f(Y;0)|Yobs, 0 }

0=0)

We note that in the second form of the EM algorithm, only one-step Newton-Raphson iteration
is used in the M-step since it still ensures that the iteration will increase the likelihood function.

5.4.2 Examples of using EM algorithm

Example 5.1 Suppose a random vector Y has a multinomial distribution with n = 197 and
1—0 1-0 6’)

4 7 4 47
Then the probability for Y = (y1, ys, y3,y4) is given by

n! 1 60, 1-6., 1-0 10
- (- _\ Y2 Y3 (_\Ya
Y1lyalyslys! 2 * 4) ( 4 2 4 ) (4) '

If we use the Newton-Raphson iteration to calculate the maximum likelihood estimator for
0, then after calculating the first and the second derivative of the log-likelihood function, we
iterate using

o) = o) 4 vy L/16 + (Y2 + Y3) v B
(1/2 + 00 /4)2 (1— Wy T M2

1/4 1 1
8 {Y11/2+0<k>/4 — (2 V) +Y‘*W}'

Suppose we observe Y = (125,18, 20, 34). If we start with #(!) = 0.5, after the convergence, we
obtain ) = 0.6268215. We can use the EM algorithm to calculate the maximum likelihood



MAXIMUM LIKELIHOOD ESTIMATION 118

estimator. Suppose the full data is X which has a multivariate normal distribution with n and
the p = (1/2,0/4,(1 — 6)/4,(1 — 0)/4,0/4). Then Y can be treated as an incomplete data of

X by Y = (X7 + Xo, X3, Xy, X5). The score equation for the complete data X is simple
0— X2—|—X5 _ X3+X4
0 1—-6

Thus we note the M-step of the EM algorithm needs to solve the equation

0= E X2+X5_X3+X4

0 1-0

Y, %)

while the E-step evaluates the above expectation. By simple calculation,

1/2 0" /4
E[X]Y.0W] = (v, Yy, Y5, Ya).
XY= My gw e N gy Y e Y
Then we obtain
k) /4
E[XQ —l— X5|Y, Q(k)] Yi 1/2+.9(/k)/4 + Yzl

e(k-i—l) —

0k) /4

We start form 8 = 0.5. The following table gives the results from iterations:

k+1) _
E | gk+D) gk+1) _ p(k) e;(k))_ézn
0 | .500000000 | .126821498 | .1465
1] .608247423 | .018574075 | .1346
2 | .624321051 | .002500447 | .1330
3 | .626488879 | .000332619 | .1328
4 1.626777323 | .000044176 | .1328
5 | .626815632 | .000005866 | .1328
6 | .626820719 | .000000779
7 | .626821395 | .000000104
8 | .626821484 | .000000014

From the table, we find the EM converges and the result agrees with what is obtained form the
Newton-Raphson iteration. We also note the the convergence is linear as (6

becomes a constant when convergence; comparatively, the convergence in the Newton-Raphson
iteration is quadratic in the sense (#*+1) —0,)/(8%® — 6,,)2 becomes a constant when conver-
gence. Thus, the Newton-Raphon iteration converges much faster than the EM algorithm;
however, we have already seen the calculation of the EM is much less complex than the Newton-
Raphson iteration and this is the advantage of using the EM algorithm.

Example 5.2 We consider the example of exponential mixture model. Suppose Y ~ Py where
Py has density

po(y) = {pre™ + (1 — p)ue ™} I(y > 0)

and 0 = (p,\,pu) € (0,1) x (0,00) x (0,00). Consider estimation of 6 based on Yi,...,Y,
i.i.d pg(y). Solving the likelihood equation using the Newton-Raphson is much computation
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involved. We take an approach based on the EM algorithm. We introduce the complete data
X = (Y, A) ~ pyp(z) where

po(x) = po(y,8) = (pye ™) ((1 — p)pue )"~

This is natural from the following mechanism: A is a Bernoulli variable with P(A = 1) = p
and we generate Y from Exp(\) if A =1 and from Exp(u) if A =0. Thus, A is missing. The
score equation for € based on X is equal to

: (A 1= A
0=0p(X1, . Xn) =) {— - }

% 1—p

0= (X1, X0) = D1 = A = Y0

1

<.
Il

Thus, the M-step of the EM algorithm is to solve the following equations

- Ay 1A & JAVERR IEpAY
OZZEH;— - }m,...,Yn,p@,ﬂ’f),u““)}=ZEH—— _p}m,p“ﬂ,ﬂ’“),u(k)},
1=1

p i=1 p 1

. 1 . 1
i=1 i=1

n

1 & 1
i=1 i=1

This immediately gives

1 n
Pt == BIAYL P00, i),
=1

)\(k—i-l) — Z?:l E[A2|Y27P(k)a >‘(k)7 :u(k)]

() _ iy BL = 8|V, p®, AW, ]
Yy YiE[(1 = A))[Y;, p™, A®), u®]

1

The conditional expectation

p)\e—AY

EIAlY, 0] = .
A 6] pAe N + (1 — p)ue=HY

As seen above, the EM algorithm facilitates the computation.
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5.4.3 Information calculation in EM algorithm

We now consider the information of # in the missing data. Denote . as the score function
for 0 in the full data and denote jmis|0bs as the score for 6 in the conditional distribution of
Ynis given Yy, and iobs as the the score for 0 in the distribution of Y, ;.. Then it is clear that
ZC = imis‘obs + Zobs. Using the formula

Var(U) = Var(E[U|V]) + E[Var(U|V)],

we obtain . . .
Var(l.) = Var(E[l.|Ys]) + E[Var(l.|Yos)]-
Since ‘ ‘ ' '
E[lc|Y;Jbs] = lobs + E[lmis\obsn/;bs] = lobs
and ‘ ‘
Va'r(ch/:)bs) - Var(lmis|obs|}/:)bs)>
we obtain

Var(ic) = Var(iobs) + E[Var(imis|obs|1{)bs)].
Note that Var(l,) is the information for 6 based the complete data Y, denote by I.(6),
Var(los) is the information for ¢ based on the observed data Y, denote by Ins(f), and
the Var(lpisjobs|Yobs) is the conditional information for 6 based on Y, given Y, denoted by

Lisjobs (0 Yobs). We obtain the following Louis formula
Ic(e) - obs(e) + E[[mis|0bs(97 Y:)bs)]~

Thus, the complete information is the summation of the observed information and the missing
information. One can even show when the EM converges, the convergence linear rate, denote
as (0% —4,) /(6% — 0,,) approximates the 1 — Io,,(6,)/1.(6,).

The EM algorithms can be applied to not only missing data but also data with measurement
error. Recently, the algorithms have been extended to the estimation in missing data in many
semiparametric models.

5.5 Nonparametric Maximum Likelihood Estimation

In the previous section, we have studied the maximum likelihood estimation for parametric
models. The maximum likelihood estimation can also be applied to many semiparametric or
nonparametric models and this approach has been received more and more attention in recent
years. We illustrate through some examples how such an estimation approach is used in the
semiparametric or nonparametric model. Since obtaining the consistency and the asymptotic
properties of the maximum likelihood estimators require both advanced probability theory in
metric space and semiparametric efficiency theory, we would rather not get into details of these
theories.

Example 5.3 Let X4, ..., X,, be i.i.d random variables with common distribution F', where F
is any unknown distribution function. One may be interested in estimating F'. This model is
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a nonparametric model. We consider maximizing the likelihood function to estimate F'. The
likelihood function for F'is given by

where f(X;) is the density function of F' with respect to some dominating measure. However,
the maximum of L, (F') does not exists since one can always choose a continuous f such that
f(X;1) — oo. To avoid this problem, instead, we maximize an alternative function

in(F> = HF{XZ}7

where F'{ X;} denotes the value F'(X;)—F(X;—). It is clear that L,(F) <1 and if F, maximizes
L,(F), F, must be a distribution function with point masses only at X;,..., X,,. We denote
¢; = F{X;} and ¢; = ¢; if X; = X,. Then maximizing L,,(F') is equivalent to maximizing

ﬁqi subject to Z g = 1.
i=1

distinct g;

The maximization with the Lagrange-Multiplier gives that

1 n
7j=1

Then .
Pla) = %Z [(X, < 2) = Fy(2).

In other words, the maximum likelihood estimator for F' is the empirical distribution function
F,. Tt can be shown that F, converges to F' almost surely uniformly in z and /n(F, — F)
converges in distribution to a Brownian bridge process. F), is called the nonparametric mazimum
likelihood estimator of F.

Example 5.4 Suppose X, ..., X,, are i.i.d F' and Y3, ...,Y, are i.i.d G. We observe i.i.d pairs
(Z1, A1), ..y (Zn, A), where Z; = min(X;,Y;) and A; = I(X; <Y;). We consider X; as survival
time and Y; as censoring time. Then it is easy to calculate the joint distributions for (Z;, A;),
1=1,...,n, is equal to

Lo(F,6) = [T (20 = G {1 = F(Z)g(Zy >

Similarly, L,,(F,G) does not have the maximum so we consider an alternative function

n

i=1
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L,(F,G) < 1 and maximizing L, (F,G) is equivalent to maximizing
H {p(1 — Qz‘)}Ai {a(1— Pi)}l_m )
i=1

subject to the constraint » . p;, = Zj ¢; = 1, where p; = F{Z;},q¢; = G{Z;}, and P, =
Zyj <y, Pi» Qi = Zyj <y, ¢j- However, this maximization may not be easy. Instead, we will take

a different approach by considering a new parameterization. Define the hazard functions A x ()
and Ay (1) as
Ax(t) = f(t)/(1 = F(t=)), Av(t)=g()/(1-G(t-))

and the cumulative hazard functions Ax(t) and Ay (t) as

t t
Ax(t) = / Ax(S)dS, Ay(t) = / )\y(S)dS.
0 0
The derivation of F' and G from Ax and Ay is based on the following product-limit form:

1-F(t)=[J(1—dAx) = lim 11 {1 — (Ax(t;) = Ax(tim1))},

max’" . |t;—t;—1]—0
s<t iz [ti—tial O=to<t1<...<tm=t

1-G(t) = H(1 —dAy) = lim H {1 = (Av(t:) — Ay (tim1))}

s<t maxL, [ti—ti-1/—=0 O=to<t1<...<tm=t
Under the new parameterization, the likelihood function for (Z;, A;),i = 1,...,n, is given by
[)\X(Z,-)Ai exp{—Ax(Z;) Yy (Z;) =2 exp{—Ay(Z)}].
=1

(2

Again, we maximize a modified function

[Ax{Zi}% exp{—Ax(Z)}AA{ Z:}' % exp{—Av (Z)}] ,

1

n

)

where Ax{Z;} and Ay{Z;} are the jump sizes of Ax and Ay at Z;. The maximization becomes
maximizing

0 exp{— A}~ exp{~B)]
1

n

(2

where A; =3, _, aj and B; =3, _, b;. Simple calculation gives that

A, (1—-A))
ai:E, bZ:T, R1221
Y2V

Thus, the NPMLE’s for Ax and Ay are given by

=320 Al =3 A
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As a result of the product-limit formula, we obtain the NPMLE’s for F' and G are

Fn:1—H{1—%}, anl—H{1—1;4i}.

Yi<t Yi<t

Both 1 — Fn and 1 — @n are called the Kaplan-Meier estimates of the survival functions for
the survival time and the censoring time respectively. The results based on counting process
theory show that F, and G,, are uniformly consistent and both v/n(E, — F) and v/n(G,, — G)
are asymptotically Gaussian.

Example 5.5 Suppose T is survival time and Z is covariate. Assume that the conditional
distribution of 7" given Z has a conditional hazard function

At|Z) = Mt)e?.

Then the likelihood function from n i.i.d (T}, Z;),i = 1,...,n is given by

La(0.8) = [T {A@) expf-MT)" %) £(Z) }

i=1

Note f(Z;) is not informative about # and A so we can discard it from the likelihood function.
Again, we replace A{T;} by A{T;} and obtain a modified function

n

Lo(6,4) = [T { M} exp{-A(T)e" %1}

i=1

Let p; = A{T;} we maximize

piexp{—(>_ p;)e”*}

i=1 Y;<Yi

n

or its logarithm as

n

Z Q/ZZ - exp{@’ZZ-} Z Dj + lngj

i=1 Y;<Y;

We obtain .

B > vy, exp{6'Z;}
by differentiating with respect to p;. After substituting it back into the log En(é, A), we find 0,

maximizes the function
- exp{t'Z;}
log :
{11:[1 > vy, exp{0'Z;}

The function inside the logarithm is called the Cox’s partial likelihood for 6. The consistency
and the asymptotic efficiency for 6,, have been well studied since the Cox (1972) proposed this
estimation, with help from the martingale process theory.

~

Di
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Example 5.6 We consider X1, ..., X, are i.i.d F and Y7,...,Y,, are i.i.d G. We only observe
(Y;, A;) where A; = I(X; <Y;) for i = 1,...,n. This data is one type of interval censored data
(or current status data). The likelihood for the observations is

n

[[{FO)2 = F))—2g(v)} .

i=1
To derive the NPMLE for F' and G, we instead maximize

n

[[{r*a-r)y—=aq},

=1

subject to the constraint that > ¢ = 1 and 0 < P; < 1 increases with Y;. Clearly, §; = 1/n
(suppose Y; are all different). This constrained maximization turns out to be solved by the
following steps:

(i) Plot the points (4, Zyj <y, 4j),i=1,...,n. This is called the cumulative sum diagram.

(ii) Form the H*(t), the greatest the convex minorant of the cumulative sum diagram.

(iii) Let P, be the left derivative of H* at 1.

Then (P, ..., P,) maximizes the object function. Groeneboom and Wellner (1992) shows that
if f(t),9(t) >0,

) 1/3
nl/g(Fn(t) _ F(t)) sy (F(t)( F(t))f(t)) (QZ),

1—

29(t)
where Z is the location the maximum of the process {B(t) —t* : t € R} where B(t) is standard
Brownian motion starting from 0.

In summary, the NPMLE is a generalization of the maximum likelihood estimation to the
semiparametric or nonparametric models. We have seen that in such a generalization, we often
replace the functional parameter by an empirical function with jumps only at observed data
and maximize a modified likelihood function. However, both computation of the NPMLE and
the asymptotic property of the NPMLE can be difficult and vary for different specific problems.

5.6 Alternative Efficient Estimation

Although the maximum likelihood estimation is the most popular way of obtaining an asymp-
totically efficient estimator, there are alternative ways of deriving efficient estimation. Among
them, one-step efficient estimation is the simplest.

In one-step f}fﬁcient estimation, we assume that a strongly consistent estimator for parameter
0, denoted by 6, is given. Moreover |6,, — 65| = O,(n"'/2). One-step procedure is essentially a
one-step Newton-Raphson iteration in solving the likelihood score equation; that is, we define

b, =0, {10} 1.6

where [,(0) is the sore function of the observed log-likelihood function and [,(0) is the derivative
of 1,,(8). The next theorem shows that 6, is an asymptotically efficient estimator.
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Theorem 5.6 Let [(X) be the log-likelihood function of #. Assume that there exists a neigh-
borhood of 6, such that in this neighborhood, |lé3) (X)| < F(X) with E[F(X)] < co. Then

V0, — 0) —a N(0,1(6)71),

where I(6y) is the Fisher information. t

Proof Since én —a.s. bo, we perform the Taylor expansion on the right-hand side of the one-step
equation and obtain

0= 0, = {100) } {10(00) + 1, (67)(6, — 00)}

where 6* is between 6,, and 6. Therefore,

-1 .. .~

b =00 = |1 = (i@} 1000 B = 00 - {1200 ot

On the other hand, by the condition that |lé3) (X)| < F(X) with E[F(X)] < 0o, we know

L0(6%) s Bliay (O] 21(0) —ae Blla (X))

Thus, L
0= 00 = 0,(16, — 6ol) = { Ellan(X)] +0,(1) } =10 (60)

SO

Vil =) = 0,(1) = { Blin (X)) + 0,(1)} =1 (60) = (0. 100)).

We have proved that 0, is asymptotically efficient.

Remark 5.1 Many different conditions from Theorem 5.6 can be used to ensure the asymp-
totic efficiency of én and here we have presented a simple one. Additionally, in the one-step
estimation, since [,(6,) approximates —1(fy) and the latter can be estimated by —1(6,,), we
sometimes use a slightly different one-step update:

0, = 0, + 1(0,)71(6,).

One can recognize that this estimation is in fact one-step iteration in the Fisher scoring algo-
rithm. Another efficient estimation arises from the Bayesian estimation method, where it can
be shown that under regular condition of prior distribution, the posterior mode is equivalent
to the maximum likelihood estimator. We will not pursue this method here.

In summary, efficient estimation is one of the most important goals in statistical inference.
The maximum likelihood approach provides a natural and simple way of deriving an efficient
estimator. However, when the maximum likelihood approach is not feasible, for example, the
maximum likelihood estimator does not exist or the computation is difficult, other estimation
approaches may be considered such as one-step estimation, Bayesian estimation etc. So far,
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we only focus on parametric models. When model is given semiparametrically or nonpara-
metrically, the maximum likelihood estimator or the Bayesian estimator usually does not exist
because of the presence of some infinite dimensional parameters. In this case, some approxi-
mated likelihood approaches have been developed, one of which is the nonparametric maximum
likelihood approach (sometimes called empirical likelihood approach) as given in Section 5.5.
Other approaches include partial likelihood approach, sieve likelihood approach, and penalized
likelihood approach etc. These topics need another full text to describe and will be deferred to
some future course.

READING MATERIALS: You should read Ferguson, Sections 16-20, Lehmann and Casella,
Sections 6.2-6.7

PROBLEMS
We need the following definitions to answer the given problems.

Definition 5.2. {7} and {7},} are two sequences of estimators for §. Suppose
VT, —0) —4 N(0,0%), /n(T, —0) —q N(0,52).

The asymptotic relative efficiency (ARE) of {T},} with respect to {1} is defined as r = 2 /02
Intuitively, r can be understood as: to achieve the same accuracy in estimating 6, using the
estimator T,, needs approximately 1/r times as many observations as using the estimator T,.
Thus, if 7 > 1, T, is more efficient than T,; vice versa.

Definition 5.3. If §y and §; are statistics, then the random interval (g, d7) is called a (1 — «)-

confidence interval for g(0) if
Py(g(0) € (00,61)) =1 -«

Intuitively, the above inequality says: however data are generated, there is at least (1 — «)
probability that the interval contains the true value g(6). Also, a random set S constructed
from data is called a (1 — «)-confidence region for g(0) if

Py(g(0) € S) > 1 —a.

If (09, 61) and S change with sample size n and the above inequalities hold at the limit, then
(0p,01) and S are approximately (1 — a)-confidence interval and confidence region respectively.

1. Suppose that (X1,Y7),...,(X,,Y,) are i.i.d. with bivariate normal distribution Nj(u,X)

where p = (uy, u2) € R? and
o oTp
X = <O’Tp 72

where 62 > 0, 72 > 0, and p € (—1,1).
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(a) If we assume that p; = ps = 0 and 3 is known, what is the maximum likelihood
estimator of 67

(b) If we assume that p is known and o2 = 72 = 6, what is the maximum likelihood
estimator of (0, p)?

(c) What is the asymptotic distribution of the estimator you found in (b)?

2. Let Xy, ..., X, beii.d. with common density

0
f@(x) = m[(&? > 0), 6> 0.

(a) Find the maximum likelihood estimator of 6, denoted as 6,,. Give the limit distribu-

tion of \/n(6, — 0).
(b) Find a function g such that, regardless the value of 8, \/n(g(6,) — g(0)) —a N(0,1).

(c¢) Construct an approximately 1 — « confidence interval based on (b).

3. Suppose X has a standard exponential distribution with density f(z) = e *I(x > 0).
Given X =z, Y has a Poisson distribution with mean Ax.

(a) Determine the marginal mass function of Y. Find E[Y] and Var(Y) without using
the mass function of Y.

(b) Give a lower bound for the variance of an unbiased estimator of A based on X and
Y.

(¢) Suppose (X1,Y1),...,(X,,Y,) are i.i.d., with each pair having the same joint distri-
bution as X and Y. Let 5\n be the maximum likelihood estimator based on these
data, and let A, be the maximum likelihood estimator based on Y7, ..., Y,,. Determine
the asymptotic relative efficiency of A, with respect to An.

4. Suppose that X1,..., X,, are i.i.d. with density function ps(x), & € © C RF. Denote
lo(z) = log pe(x). Assume ly(x) is three times differentiable with respect to 6 and its third
derivatives are bounded by M(x), where sup, Eg[M(X)] < oo. Let 0,, be the maximum
likelihood estimator of § and assume /n(#, — 0) —4 N(0,I,"), where I, denotes the
Fisher information at 6 and is assumed to be non-singular.

(a) To estimate the asymptotic variance of /n(f, — 6), one proposes an estimator -1,
where

. 1 < ..
I, = _EZzén(Xi).
=1

Prove that f,j Lis a consistent estimator of I,!.

(b) Show L
VI8, — 0) —q N(0, L),

where frl/ % is the square root matrix of fn and [« is k-by-k identity matrix. From
this approximation, construct an approximate (1 — a)-confidence region for 6.
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(c) Let 1,(0) = >, lp(X;). Perform Taylor expansion on —2(1,(6) — I, (6,)) (called
likelihood ratio statistic) at 6, and show

—2(1n(0) — ln(én)) —d X%'
From this result, construct an approximate 1 — « confidence region for 6.

5. Human beings can be classified into one of four blood groups (phenotypes) O,A,B,AB. The
inheritance of blood groups is controlled by three genes, O, A, B, of which O is recessive
to A and B. If r,p, g are the gene probabilities in the population of O,A B respectively
(r+p+q=1), the probabilities of the six possible combinations (genotypes) in random
mating (where two individuals draw at random from the population contribute one gene
each) are shown in the following tables:

Phenotype | Genotype | probability
O 00 r?
A AA p?
A AO 2rp
B BB q°
B BO 2rq
AB AB 2pq

We observe among N individuals that the phenotype frequencies No, Na, Ng, Nap and
wish to estimate the gene probabilities from such data. A simple approach is to regard the
observations as incomplete, the complete data set being the genotype frequencies Npo,

Naa, Nao, Ng, Npo, Nag.

(a) Derive the EM algorithm for estimation of (p, q, ).

(b) Suppose that we observe No = 176, Ny = 182, Ny = 60, Nap = 17. Use the EM
algorithm to calculate the maximum likelihood estimator of (p,q,r), with starting
value p = ¢ = r = 1/3 and stopping iteration once the maximal difference between
the new estimates and the previous one is less than 1074

6. Suppose that X has a density function f(z) and given X = z, Y ~ N(Bz,02%). Let
(X1, Y1), ..., (X,, Y,) beiid. observations with the same distribution as (X, Y’). However,
in many applications, not all X’s are observable and we assume that X,,.q,..., X, are
missing for some 1 < m < n and that the missingness satisfies MAR assumption. Then
the observed likelihood function is

g[ﬂxi) (- TN lnl [

Suppose that the observed values for X’s are distinct. We want to calculate the NPMLE
for 3 and 0. To do that, we “assume” that X only has point mass p; > 0 at the observed
data X; =x; fori=1,...,m

Y'i_ 2
exp{ %} dx.

(a) Rewrite the likelihood function using 3,02 and py, ..., pim.
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(b) Write out the score equations for all the parameters.

(c) A simple approach to calculate the NPMLE is to use the EM algorithm, where
Xina1, -y X, are missing data. Derive the EM algorithm. Hint: X;,i =m+1,...,n,
can only have values x1, ..., x,,, with probabilities py, ..., pm-

7. Ferguson, pages 117-118, problems 1-3

8. Ferguson, pages 124-125, problems 1-7

9. Ferguson, page 131, problem 1

10. Ferguson, page 139, problems 1-4

11. Lehmann and Casella, pages 501-514, problems 3.1-7.34



